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Convergence of the Markov Chain Distributed
Particle Filter (MCDPF)

Sun Hwan Lee and Matthew West

Abstract—The Markov Chain Distributed Particle Filter
(MCDPF) is an algorithm for the nodes in a sensor network to
cooperatively run a particle filter, based on each sensor making
updates to a local particle set using only local measurements, and
then having particles exchanged between neighboring sensors
based on a Markov chain on the network. This paper extends pre-
viously-known almost sure convergence results for the MCDPF to
prove that the MCDPF convergences to the optimal filter in mean
square as the number of particles and the number of Markov
chain steps both go to infinity. The convergence proof derives
an explicit error bound, showing that the convergence is inverse
square-root in both parameters. A numerical example is provided
to support the theoretical result.

Index Terms—Bayesian estimation, distributed estimation,
Markov chain, optimal filtering, particle filtering.

I. INTRODUCTION

T HERE is a long history of methods for numerically ap-
proximating the distributions that arise in the Bayesian

filtering problem. The popular methods developed in 1960s and
1970s include the extended Kalman filter [1] and sequential
Monte Carlo method [2]–[5]. The very first introduction of the
sequential Monte Carlo method, also known as particle filtering,
goes back to the calculation of a polymer growing [6], [7]. Par-
ticle filtering was not able to be broadly adopted initially, mainly
because of its very high computational complexity and the lack
of adequate computing resources at that time [8]. Along with
a huge development in computing power, particle filtering has
become a very active research topic and has been applied to var-
ious areas. Among those areas, signal processing started to take
advantage of particle filtering following a seminal paper [9].
Various modifications of a standard particle filter to improve
the performance are introduced in the tutorial paper [10] in a
clear manner. Stratified sampling, residual sampling [11] and
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systematic resampling [12] were proposed as efficient resam-
pling schemes. Pitt and Shephard [13] introduced the Auxiliary
Sampling Importance Resampling (ASIR) filter for better esti-
mation and the regularized particle filter (RPF) was proposed in
[14] to solve the problem induced by a resampling step.
Given a collection of distributed sensors, together with a com-

munication network linking them, it is natural to consider how
particle filters can be applied in a distributed setting, for in-
stance in target tracking with a robotic navigation system [15],
[16]. The general benefits of distributed estimation include the
robustness of the estimation and the reduction in information
flow while maintaining estimation accuracy comparable to the
centralized approach. Much effort has been directed toward the
realization of decentralized Kalman filters [17]–[19] but decen-
tralized particle filters were thought to be challenging due to
the difficulty of merging probability distributions represented
by particles and weights [20]. Existing methods (e.g., [15], [16])
thus use approximations such as Gaussian mixture models, but
then give up some of the robustness and simplicity of standard
particle filters. Communicating state estimates directly (that is,
exchanging particles between sensor nodes) regains the sim-
plicity of particle filters.
Past work on distributed particle filters can be broadly

categorized into two approaches, namely message passing
approaches and consensus-based local information exchange
methods. Message passing approaches transfer information
along a predetermined route covering an entire network. For
example, [21] passes parameters of the parametric model of
the posterior distribution while [22] transmits the raw infor-
mation, particles and weights, or the parameters of a Gaussian
mixture model approximation of the posterior distribution.
Consensus-based methods communicate the information only
between the nearest nodes and achieve global consistency by
consensus filtering. The type of exchanged information can
be, for example, the parameters of a Gaussian mixture model
approximation [16] or the local mean and covariance [23].
In this paper we consider the Markov Chain Distributed Par-

ticle Filter (MCDPF) introduced in [24]. This is a direct particle-
exchange method, in which nearest-neighbor nodes in a sensor
network exchange particles and weights using a Markov chain
random walk and thereby collectively estimate the system state.
The MCDPF can have better scaling in the number of system
states than methods based on full covariance information, par-
ticularly for highly nonlinear and non-Gaussian problems. Such
systems arise, for example, in fault detection [25] and in esti-
mating the indoor environment of building systems [26].
The almost sure convergence of the MCDPF to the standard

Centralized Particle Filter (CPF) and to the optimal filter was
proved in [24]. A numerical comparison between the MCDPF
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and other distributed filters was undertaken in [27]. In the cur-
rent work we prove the convergence of the MCDPF to the op-
timal filter in the sense of mean square. In proving mean square
convergence we also obtain explicit bounds that give the rate
of convergence of the MCDPF. The convergence of non-dis-
tributed particle filters has been extensively considered (e.g.,
[28]–[33]), and [34] provides an excellent survey of existing
results.
The contents of this paper are as follows. In Section II we re-

view basic properties and theorems for randomwalks on graphs.
Section III defines the Centralized Particle Filter (CPF) and the
Markov Chain Distributed Particle Filter (MCDPF). In addition,
the almost sure convergence of the posterior distribution of the
MCDPF to that of the CPF and the optimal filter, which is the
main result of [24], is reviewed in this section. Section IV con-
tains a precise definition of mean square convergence and the
proof of mean square convergence of the MCDPF to the op-
timal filter. Section V-B provides the quantitative comparison
of performance between MCDPF and the distributed Extended
Kalman Filter (EKF) with respect to system complexity and
measurement frequency. Conclusions are made in Section VI.

II. RANDOM WALKS ON GRAPHS

A sensor network system can be modeled as a graph,
, with adjacency matrix normalized so that row-sums

are one (i.e., , where denotes a vector with all en-
tries equal to one). The vertices correspond to
nodes or sensors in the network system and edges represent
the communication links between sensors. The set of neighbors
of node is defined as . Matrix
is a Markov transition probability matrix defined on the graph
because it satisfies

Consequently, a random walk on the graph can be defined by re-
garding matrix as aMarkov transition matrix. We assume that
there are no self-loops in the chain. Suppose a random vari-
able giving the state (graph vertex) after random walk steps on
the graph with a Markov transition matrix . Then satisfies
the Markov property

Furthermore, a probability distribution of the random variable
, which we denote as here, evolves by

We next review several properties of randomwalks on graphs
which are useful for a development of distributed particle filters.
Theorem 1: If is the normalized adjacency matrix of an

undirected, connected graph then theMarkov chain with tran-
sition matrix has a unique stationary distribution with all
non-zero entries. For any initial distribution,

where is a vector whose -th element is the
number of visits to state during steps of the Markov chain.

Furthermore, converges to in distribution as
. More precisely,

(1)

where is the normal distribution with mean zero and a
covariance matrix that is independent of .

Proof: See [35, Theorem 42.VII].
Theorem 2: If is the normalized adjacency matrix of an

undirected, connected graph then the stationary distribution
of the Markov chain with transition matrix is given by

with , where is the degree
of node and is the number of edges in the graph.

Proof: See [24, Theorem 2.2].

III. PARTICLE FILTERS

Suppose we have the general state space model

(2)

where is the state, is the measurement,
is the process noise, and is the measurement noise. We

define two stochastic processes, and
, where and are a signal process

and an observation process, respectively. The signal process
is a Markov process with an initial distribution and

transition kernel and the observation process
is conditionally independent given , which means that

. For simplicity, we
assume that the kernel and conditional probability distribution
of can be written as densities with respect to the Lebesgue
measure. Thus

where is the transition probability density of a mea-
surement given the state . To facilitate the convergence
proof in Section IV, we will further assume that is
bounded above with the definition of

, so that , and that is bounded
away from zero, so that pointwise for a fixed .
The filtering problem is to estimate the true state at time

given the time series of observations . The
prediction and updating of the optimal filtering based on Bayes’
recursion are given as follows.

(3)

Analytic solutions for the posterior distribution in (3) do not
generally exist except in special cases, such as linear dynamical
systems with Gaussian noise. In the particle filtering setting, the
posterior distribution is represented by a group of particles and
associated weights so that the integral in (3) is approximated by
the sum of discrete values.
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A. The Centralized Particle Filter (CPF)

The Centralized Particle Filter (CPF) is a recursive method
to estimate the true state, given the time series of measurements
[28], [34]. The algorithm consists of the initialization and itera-
tion steps. At we have the empirical distribution with
particles

(4)

Now the iteration step is repeated as follows. Suppose the poste-
rior distribution at time , , is approximated
by particles . Then we have

(5)

where particle is at position in state space. The particles
then go through the prediction and measurement update steps to
approximate the posterior distribution at time . The particles
are propagated through the transition kernel density,

(6)

where the integration of transition kernel with respect to mea-
sures is defined [34, Section III.A] as

(7)

Now this new set of particles is the approximation of .
That is,

(8)

If the empirical distribution in (8) is substituted in (3), we have
the following distribution approximating the posterior distribu-
tion .

(9)

where and are called the importance weights.
To avoid the degeneracy problem, new particles are selected
according to a resampling step that samples particles from
the empirical distribution, , each with weight . We
then have the empirical distribution approximating the posterior
at time given by

(10)

While the above particle filter is perhaps the simplest and
most direct particle discretization of the Bayes recursion
(3), there are many possible extensions which can result in

superior performance. For example, the prediction step (6)
can be replaced with the classic bootstrap filter [9] sampler

, or a new kernel can be used with
, where is chosen to better approx-

imate the true distribution (see [34], [36], [37]). The Markov
chain distribution method described in Section III-B can be
applied to any such variant, and the convergence proofs in
Sections III-C, III-D, and IV extend with some adjustments.
The precise version of the algorithm presented in this paper
was chosen to simplify the analysis and presentation.

B. The Markov Chain Distributed Particle Filter (MCDPF)

The main difference between centralized and distributed par-
ticle filters is that centralized filters have a central unit to collect
the measurements from all nodes and update particles using all
measurements simultaneously. During the process of data col-
lection, the centralized filter might suffer from bottlenecks in in-
formation flow. On the other hand, a distributed filter can over-
come this problem by passing information only locally between
connected nodes. If we have nodes measuring the partial ob-
servations independently, then we can decompose the general
state space model (2) as follows.

...
...

(11)

Here , with and
subscript represents node . In addition, the measure-
ment noise at each nodes is assumed to be uncorrelated,

. Uncorrelated noise struc-
ture enables us to have conditionally independent measurements
at each node, , given the true state . As a consequence of
this assumption, the function in (3) can be factorized
by a product of at each node,

(12)

We propose a distributed particle filtering method using a
random walk on the graph defined by the network topology.
In the sensor network, node measures the partial observation

at time and data at every node has to be fused to reach the
global estimation of the true state.While achieving a global esti-
mate by exchanging data, it is desirable to maintain a robustness
with respect to the unexpected changes of global properties such
as losing a node. The distributed particle filter proposed here is
robust since the information, consisting of particles andweights,
is transferred only to the connected neighborhood of each node.
In other words, every node only needs local information. Trans-
ferring particle data is inefficient for low-dimensional systems,
but scales well (only linearly) with dimension of the state space,
as opposed to existing methods using Gaussian mixture model
approximations of posterior distribution [16], [23] [22]. Further
performance comparison with the numerical example is pro-
vided in [27] and reviewed in Section V-B.
The MCDPF moves particles around the network according

to the Markov chain on the network defined by the normalized
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adjacency matrix to compute the importance weights. Pre-
cisely speaking, once the measurement is received in each node
or sensor, each node updates the weights of its current parti-
cles by using its local measurement to perform a partial up-
date (defined precisely below). Then particles (and associated
weights) are then moved to the neighboring nodes, with each
particle passed to a neighboring node chosen at random uni-
formly. These update/move steps are then repeated times be-
fore another measurement is taken.
The above description is from the point of view of a fixed

node. This process can also be viewed from the point of view of
a moving particle. The particle takes steps of a Markov chain
randomwalk on the sensor network, with transition probabilities
given by the normalized adjacency matrix . For each node that
the particle passes through, it updates its associatedweight using
the node’s current measurement (defined precisely below).
To define the partial measurement update, suppose the sensor

network has graph with normalized adjacency ma-
trix . Then is the number of edges and is the de-
gree of node . The partial measurement update applied at node
to a particle with state changes its weight by

This is repeated times as the particle moves between nodes
(the particle view) or as the nodes exchange particle sets (the
nodal view).
Observe that as the number of steps is increased, each par-

tial measurement update has less effect. However, performing
such updates still gives the correct total update. This paper

proves that as , the total effect of these partial updates
converges to the update of the CPF.
To express the total effect of the steps of this movement/up-

date, recall that the number of visits by the particle to the -th
node is denoted . Then we can multiply the partial up-
dates for each of the particles to obtain the posterior distri-
bution of the MCDPF as follows.

(13)

The MCDPF is defined in Algorithm 1. We use the notation
for the -th particle of node at time and for the

number of particle at node . Thus

(14)

(15)

are the approximate posterior distribution and integrated tran-
sition kernel at node . Also is the indices of particles
moving from node to in the current Markov chain step and
we recall that is the adjacency matrix of the network.

Algorithm 1 Markov Chain Distributed Particle Filter
(MCDPF)

Initialization for time , node , particle :

Prediction step for time , node , particle :

Measurement step for time :

for iterations do

Sample particle movement sets using

for node to do

for particle to do

end for

end for

end for

Resample step for time , node , particle :

C. Convergence to CPF and Algorithm

We showed [24] that the empirical posterior distribution of
the MCDPF converges almost surely to that of the CPF as the
number of Markov chain steps per measurement goes to in-
finity. We briefly summarize this result here in preparation for
the proof of mean square convergence in Section IV.
We largely follow the notation of Crisan and Doucet [34].

In the stochastic filtering problem, we consider the functions
and , which are

continuous functions mapping a metric space to itself.
Additionally, is also a continuous function,
given by

The perturbation is defined as a function that maps from a
measure to a random sample size of size of the measure,
so that

where is an i.i.d. random variable with distribution
, and . For notational simplicity, let be defined
as the composition of functions , giving
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Thus the posterior distribution of the CPF and MCDPF at time
can then be expressed as

Almost sure convergence of the MCDPF to the CPF as the
number of Markov chain steps goes to infinity can be stated
as follows.
Theorem 3: Consider a connected sensor network with mea-

surements at different nodes conditionally independent given
the true state. Then the estimated distribution of the MCDPF
converges almost surely to the estimated distribution of the CPF
as the number of Markov chain steps per measurement goes
to infinity. That is,

pointwise.
Proof: See [24, Section C].

D. Convergence to Optimal Filtering

Having established that the MCDPF converges almost surely
to the CPF, it is relatively straightforward to show that the
MCDPF converges to the optimal filter as both the number
of particles and the number of Markov chain steps go to
infinity. The convergence of the CPF to the optimal filter is
shown in [34], [38]. The only difference between the MCDPF
and the standard particle filter used in that proof is the function
, which needs to satisfy the following condition to ensure

the convergence of the MCDPF to the optimal filter. For all
sequences we have

(16)

This property is not obvious because the function converges
only pointwise to a function . Fortunately, however, is con-
tinuous, which is sufficient to give (16). For reference, we re-
state the main convergence result here.
Theorem 4: Assume that the kernel is Feller and the func-

tion is bounded, continuous and strictly positive. Then the es-
timated distribution of the MCDPF algorithm converges to the
optimal filtering distribution as the number of particles and
the number of Markov chain steps per measurement go to in-
finity:

(17)

Proof: See [24, Theorem 3.7].

IV. MEAN SQUARE CONVERGENCE

In the previous section, almost sure convergence of the
MCDPF to the optimal filter was discussed. We now prove that
this convergence is in the sense of mean square.
We say that the sequence of random probability measures

converges in mean square to if for any ,
where is the set of bounded Borel measurable functions,

Here we define

(18)

A. Preliminaries

We will need several lemmas to prove the main mean square
convergence result. We first recall the main results on the
Markov chain central limit theorem. If is an irre-
ducible, positive recurrent Markov chain on a countable state
space with stationary distribution , then for the
random variable defined by

(19)

can be shown [39] to converge to the normal random variable
with mean zero and variance

(20)

where is the first return time to the initial state and is
an expected value of function with respect to the stationary
distribution , for distributed by

. If we let be the distribution of with ,
then it can also be shown [39] that ,
where is a constant and is the second largest eigenvalue
modulus (SLEM) of theMarkov transition matrix that defines
the Markov chain.
We also have the following theorem [40, Corollary 1] on the

convergence of the moment generating function.
Theorem 5: If there is a positive such that

for all , then for any , all , and all
,

(21)

where is a standard normal random variable and is a
function to ensure the V-uniform ergodicity of a Markov chain.
Furthermore, the following positive constants and
depend on the SLEM, .

(22)

(23)

(24)

(25)
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where denotes the minimum of and and
.

Proof: The proof of this theorem is given by Steinsaltz
[40, Sections 4 and 5.1]. Here we will show how the constants

and are related to the SLEM. The upper bound of the
error of the -th moment given in [40, equation (42)] reduces
to

With and as defined above, the error of the even moments
has the bound

Similarly for the error of odd moments, the upper bound given
in [40, equation (43)] can be written as

Using and from above, the error of the odd moments has
the bound

Hence the error bound (21) for the moment generating function
is given by

The following lemma is a trivial inequality from [38, Lemma
7.2].
Lemma 6: Let be a random variable. If the -th moment

of is finite, , then for any ,

Proof: From Jensen’s inequality with , we have

(26)

Minkowski’s inequality gives

where the last inequality is from (26).

Proof of Mean Square Convergence

We start this section by considering a single particle and ob-
taining a bound on the difference of likelihood for this particle
in the centralized and decentralized cases, for a given set of
measurements. The weighting of a particle in the CPF is com-
puted from the entire measurement, whereas the weighting of a
particle in the MCDPF is computed sequentially as the particle
jumps around the nodes, updating its likelihood at each node.
Hence, understanding how the weights determined by likeli-
hood are different in the two cases is a fundamental step for the
main proof.
Let be a particle state and be the number of visits

by this particle to the -th node in steps. Define the random
variable and the function by

(27)

(28)

for a given set of measurements . Lemma 7 below
shows that the expectation of the difference of likelihood func-
tion between the MCDPF and CPF given a set of particles is
bounded above.
Lemma 7: Suppose we have the MCDPF on a finite, con-

nected graph with a measurement density that factorizes as
in (12) and is bounded above and away from zero, so that

. Then there exists such that
and we have the upper bound on the expected

error between and for given by

where the expectation is taken with respect to the dynamics of
the particle on the Markov chain, and

(29)

The positive constants , , , and depend on the SLEM
of the Markov chain transition matrix as defined in (22)–(25).
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Proof: For simplicity of notation, we omit the arguments
of the function . We compute

where and .
Let be a Markov chain on the state space starting

at the node for the particle , so that is the visitation
count of to node within steps. Let the function
be defined as . Now we have

Defining , the Markov chain cen-
tral limit theorem gives the convergence of to the normal
random variable withmean zero and variance defined in (20).
With the definition of and a standard normal random
variable , the following expectation over is

Since is decreasing in , there exists such that

, where and are defined in Theorem 5. Furthermore
if we define by

then it satisfies the condition
as . Therefore, Theorem 5 implies that for ,

Multiplying by and using gives the desired re-
sult.
Now we prove mean square convergence of the MCDPF by

considering in turn each of the steps of prediction, measurement,
and resampling. This proof is a modification of [34, Lemma
3–5]. The main difference from that proof is that the effect of
Markov chain step must be considered and we obtain an ex-
plicit bound for the mean square error in terms of the SLEM of
the underlying Markov chain.
We begin with the following lemma for the prediction update

step.
Lemma 8: Assume that time dependent constants and

exists and for any ,

(30)

Then

where .
Proof: From Minkowski’s inequality,

(31)

The first term on the right hand side of (31) is bounded
above as follows. From Lemmas 6 and the equality,

where is
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the -algebra generated by , for the first inequality
and the first equality,

(32)

Since Markov operators are contractions [41],
, and so

The upper bound of the second term (31) is given by assumption
(30) in the lemma together with the contracting behavior of ,
so that

Thus

where .
Given the result of the prediction step, together with Lemma

7, the following lemma gives the error bound after the Markov
chain iteration step.
Lemma 9: Assume that for any and given mea-

surements,

and is a measurement density satisfying the requirements of
Lemma 7. Then

where and and are defined by (27)
and (28).

Proof: From Minkowski’s inequality,

(33)

The first term (33) on the right hand side is bounded as follows,
using Lemma 8.

The first inequality is a trivial application of Hölder’s inequality.
Thus

The next MCDPF step is a measurement update and the fol-
lowing lemma provides an error bound after this step.
Lemma 10: From the result of lemma 9, assume that for any

,

Then

Proof: We have
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These terms can be bounded by

and

Using Minkowski’s inequality again gives

where and .
The next lemma provides the error bound after the resampling

step, which completes the steps in the MCDPF.
Lemma 11: Assume that for any ,

Then

Proof: We have

If is a -algebra generated by particles , then

Thus by the same procedure from (32) in Lemma 8, for some
constant ,

Finally we have

where .
Combing the above sequence of lemmas now gives the fol-

lowing main result.
Theorem 12: Consider a connected sensor network with

given measurements at different nodes conditionally indepen-
dent given the true state. Furthermore assume that the kernel
is Feller and the function is bounded above, continuous,

positive, and bounded away from zero. Then there exist time
dependent constants and , and a constant given
in (29) depending on the number of Markov chain steps and
the SLEM of the Markov chain, such that

(34)

for all and bounded Borel measurable . Thus,
the root mean square error of theMCDPF converges proportion-
ally to and increases proportionally to
as , where is the spectral gap .

Proof: Combining Lemmas 8, 9, 10, and 11 gives the
result. The constants and are defined recursively as
specified in Lemmas 8, 9, and 10. The convergence rate of the
root mean square error of the MCDPF in terms of the number
of particles is easily obtained from the upper bound in (34).
We also have for and a fixed as

given in (29). Similarly, if is fixed then

because the term dominates and and
.

V. NUMERICAL RESULTS

To quantify the behavior of the distributed filter described
in this paper, we consider a tracking problem for vehicles
moving in the plane, with interaction dynamics specified by a
nonlinear flocking model due to [42] (see also [27]). This ve-
hicle movement control law includes global cooperation and
local collision avoidance. There are 4 sensors in the plane, each
of which measures the distance between its position and each of
the vehicles, giving a total of distances.
There is Gaussian process and measurement noise, both with

zero mean. The covariance matrix of the process noise is pro-
portional to , the square of the timestep, while the covari-
ance of the measurement noise is proportional to the distance
from the sensor to the vehicle. In the sensor network, each node
is connected to two neighbors, forming a square as shown in
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Fig. 1. Sample estimated trajectories for the centralized (CPF) and decentral-
ized (MCDPF) particle filters, for the range-measurement-only vehicle tracking
problem described in Section V.

Fig. 1. Therefore the normalized adjacency matrix in this case
is

where the nodes are numbered clockwise around the square. See
[27] for full details of this system.
We compare six different estimators for this problem: the Ex-

tended Kalman Filter (EKF), the Distributed EKF (DEKF), the
Regularized EKF (REKF), the Regularized DEKF (RDEKF),
the Centralized Particle Filter (CPF), and theMarkovChainDis-
tributed Particle Filter (MCDPF) described in this paper. The
EKF is the standard filter (see, e.g., [1]), while the DEKF is dis-
tributed using the consensus method of [19], [43]. Due to the
nonlinearities in the system dynamics, both the EKF and the
DEKF become unstable at moderate timestep values. To miti-
gate this, we define regularized versions (REKF and RDEKF)
which have mollified system dynamics and for which, if the
condition number of the information matrix exceeds , the
singular values of the information matrix are constrained to lie
within by taking an SVD and capping values outside this
range (see [27] for details). These values were chosen heuristi-
cally to maximize estimation accuracy. The CPF and MCDPF
filters are as described in Sections III-A and III-B, implemented
with a bootstrap prediction step and varying number of particles
and number of Markov chain steps .

A. Numerical Evidence of Mean Square Convergence

We first consider the convergence of the distributed MCDPF
to the centralized CPF particle filter as a function of the number
of Markov chain steps , showing the behavior as
as predicted by Theorem 12. The RMSE (root mean square

error) between the MCDPF estimate and the CPF estimate is
defined by

(35)

Fig. 2. RMSE between the mean state estimated by the MCDPF and CPF,
plotted against the number of Markov chain steps per measurement in the
MCDPF. The error bars for the estimated RMSE are the 95% confidence inter-
vals from Student’s -test. The dashed line in the lower figure has slope and
is provided for reference, showing that these results agree with Theorem 12.

where is the mean of the state distribution estimated by
theMCDPF at time with particles and Markov chain steps
per measurement. The mean state estimate for the CPF is
defined similarly.
Fig. 2 shows the RMSE versus the number of Markov chain

steps per measurement. Both the MCDPF and CPF used
particles, one vehicle, four sensors connected in a square

network, timestep , and are at time . At
the number of particles at each node is 100, so for

. As time advances, changes because each
particle is moved between the nodes at random (according to
the Markov chain random walk on the square). The RMSE was
estimated from an ensemble of 2.5 simulations (see [27]
for simulation details).
We can see that the decay rate of the RMSE in the figure

approaches . As it is known [34] that the CPF converges

to the optimal filter at rate , this confirms the theoretical
result in Theorem 12.

B. Performance Comparison With EKF and DEKF

We compare the performance of the six filters outlined above
for the vehicle tracking problem. The performance is compared
with respect to the system complexity and measurement fre-
quency and it shows that the MCDPF method is more robust
and more accurate with complex systems or low measurement
frequency, compared to the DEKF andRDEKF. To quantify per-
formance, we consider the RMSE between the true system tra-
jectory and the mean of the state position distribution estimated
by the different filters, normalized by the number of vehicles
and scaled by the timestep.
An estimator is said to diverge when the RMSE is higher than

the static estimator that always returns the initial condition. The
filters were run with particles for CPF and MCPDF,

Markov chain iteration steps for MCDPF, and 2 con-
sensus iteration steps for Regularized DEKF or DEKF. The po-
sition RMSE computed with is plotted versus time
in Fig. 3.
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Fig. 3. RMSE in position versus time for the EKF, DEKF, REKF, RDEKF,
CPF and MCDPF filters. We see that the non-regularized filters diverge rapidly,
while the particle filters perform well.

TABLE I
ALGORITHM PERFORMANCE: RMSE VALUES AND THE FRACTION OF
DIVERGENT RUNS (AVERAGED OVER 1000 MONTE CARLO RUNS)

The filter results are given in Table I with varying numbers of
vehicles (changing system complexity) and (changing mea-
surement frequency). We see that for sufficiently small the
Kalman-filter-based approaches are superior, whereas for large
with significant nonlinearities the particle filters are better.

This is due to the fact that the accuracy of the linearization varies
inversely with . Secondly, we see that increased system com-
plexity dramatically reduces the performance of the Kalman
filter based approaches, which no longer give acceptable per-
formance even for the smaller time step while the particle fil-
ters (including the MCDPF) are robust with respect to the in-
crease in system complexity, with very little loss of accuracy.
The distributed filters (DEKF, RDEKF, and MCDPF) all per-
form worse than their centralized equivalents (EKF, REKF, and
CPF, respectively), as expected, but converge as the iteration
frequency increases (see Fig. 2 and [27]).

VI. CONCLUSION

In this paper we proved convergence of the Markov Chain
Distributed Particle Filter (MCDPF) in the sense of mean square
to the optimal filter as the number of particles and the number
of Markov chain steps per measurement both go to infinity,
extending the previously known almost sure convergence of the
MCDPF [24]. In proving mean square convergence, we gave an

explicit error bound for the MCDPF, showing that the conver-
gence rate to the optimal filter is of order . This
theoretical result confirms earlier numerical results [24], [27]
that suggested convergence at this rate.
We are also able to see that the error of the MCDPF in-

creases at rate as the spectral gap goes
to zero, where is the modulus of the second-largest eigen-
value (SLEM) of the Markov chain on the sensor network. This
shows that fast-mixingMarkov chains (with large spectral gaps)
will produce better estimates, as we would expect, giving guid-
ance as to how the mixing process could be optimized. We have
not explored the question of how the particle exchange process
should be chosen to improve the filter performance, although it
seems likely that large sensor networks will require hierarchical
or multiscale communication (e.g., [44], [45]) for good perfor-
mance. Particle filters typically experience significant degrada-
tion in accuracy as the system dimension increases, leading to
a classical curse of dimensionality [46]–[48], and the MCDPF
will also exhibit this behavior.
The MCDPF provides a distributed particle filter algorithm

that exchanges only particles (state estimates) between sensor
nodes. It thus makes no assumptions on the estimated distribu-
tion or dynamics over a regular centralized particle filter. While
these properties are very attractive, and the simplicity of the
MCPDF makes implementation easy, this paper does not con-
sider how the efficiency of the MCDPF compares to other dis-
tribution methods, such as those based on Gaussian Mixture
Models or similar approximations. We expect that the MCDPF
will be less efficient for low-dimensional systems, but will scale
well as the dimension of the state space increases. Some ini-
tial comparison results [27] have started to investigate this. The
per-step computational cost of the MCDPF is , so it
scales linearly in the state dimension , the number of Markov
chain steps per measurement , and the number of particles
per sensor node. See [27] for further details regarding the com-
putational complexity of the method and comparisons with cen-
tralized and distributed Kalman filters.
The bounds for the MCDPF error derived in this paper are

not uniform in time. This could be addressed by introducing
a mixing assumption on the transition kernel, in the spirit of
[49] or [50] (see [34] for a discussion in the centralized case).
We have also not proved here that the MCDPF converges in
mean square to the Centralized Particle Filter (CPF) for a fixed
number of particles , as goes to infinity. The numerical ex-
ample in this paper suggests that this is indeed true, and it seems
likely that a modification of the our techniques would also give
such a result.
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