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Abstract— We propose several techniques for simulation of
the prediction step of particle filters for application to a class
of estimation problems. These techniques are based on vari-
ance reduction techniques previously proposed for stochastic
simulation of tau-leaping processes. Proof of almost sure weak
convergence is given for an approach in one dimension, and
numerical examples pertaining to building population dynamics
are presented in both single and multidimensional tau-leaping
cases.

I. INTRODUCTION

The problem of online estimation of unknown stochastic
processes given imperfect observation processes is broadly
applicable in most areas of decision and control. Unfortu-
nately, very few special cases like Kalman’s linear/Gaussian
model [1] allow us to solve this problem directly and
exactly. Thus approximate methods to treat these problems
were introduced, including particle filtering/sequential Monte
Carlo in the 1960s and 70s [10], [12]. While progress in
this area was relatively slow in the intervening decades,
the 1990s saw an explosion of improvements in this area,
as rapidly increasing computing power greatly increased
the feasibility of particle methods. An especially big jump
was the introduction of the bootstrap filter [9], though it
was quickly joined by its own set of improvements, for
example work done on the resampling step [14], [15]. There
are several excellent works surveying the myriad techniques
and improvements [11] as well as convergence results for
practitioners [2]. As with all Monte Carlo methods, the drive
is ever toward reduced variance. Lower variance in unbiased
filters results in lower expected errors per computing cost
and leaner estimation systems that are implementable in a
rapidly growing class of applications.

One potentially promising class of stochastic systems
are tau-leaping systems. Introduced by Gillespie [4] early
last decade, tau-leaping is an time-discretizing, approximate
sampling method for stochastic systems whose transitions
can be classified by a finite number of event channels.
Convergence of tau-leaping systems is already quite well
understood [5], and several variants of its implementation
exist, for example adaptive tau-leaping [6], [8] and implicit
tau-leaping [7]. Work has already begun on alternative meth-
ods of variance reduction in tau-leaping systems [3] based
on stratified and antithetic methods of variance reduction,
and here an extension is proposed to the filtering problem
applied to tau-leaping systems.
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In section II we introduce necessary preliminary notation
on optimal and particle filtering, as well as some background
on anticorrelated variance reduction techniques. In section III
we construct the anticorrelated particle filter in the one
dimensional case and prove almost sure weak convergence
of this filter to the optimal Bayesian filter. We also provide
numerical support in the form of a room dynamics model. In
section IV we outline the extension of the algorithms to the
multidimensional setting in the special case of tau-leaping
systems. In particular, we present a model for partially
observed building dynamics. Finally, section V contains
conclusions.

II. PRELIMINARIES

A. Optimal Filtering

We proceed by introducing notation used in Crisan and
Doucet [2]. Suppose X = {Xt, t ∈ N} is a stochastic
signal process in Rnx and Y = {Yt, t ∈ N \ {0}} is a
corresponding observation process in Rny . Let the signal
process X be Markov with initial distribution X0 ∼ µ(dx0)
and probability transition kernel K(dxt|xt−1) so that

P(Xt ∈ A|Xt−1 = xt−1) =
∫

A

K(dxt|xt−1), A ∈ B(Rnx)

P(Yt ∈ B|Xt = xt) =
∫

B

g(dyt|xt), B ∈ B(Rny ),

where B(Rn) denotes the Borel σ-algebra on Rn. Consider
a probability measure πs|t the solution of the optimal fil-
tering problem that denotes the law of Xs conditioned on
Y1, . . . , Yt. We may obtain πt|t via a standard, two-step
recursive version of Bayes’ Theorem, given by:

Prediction:
πt|t−1(dxt)

=
∫

Rnx

πt−1|t−1(dxt−1)K(dxt|xt−1)

Update:
πt|t(dxt)

= g(yt|xt)πt|t−1(dxt)
[∫

Rnx

g(yt|xt)πt|t−1(dxt)
]−1

.

For ϕ a function, ν a measure, and Ξ a Markov transition
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kernel, define the standard notation:

(ν, ϕ) :=
∫

ϕ(x)ν(dx)

νΞ(A) :=
∫

ν(dx)Ξ(A|x)

Ξϕ(x) :=
∫

Ξ(dz|x)ϕ(z).

Thus we may more compactly characterize the optimal
filtering recursion by:

(πt|t−1, ϕ) = (πt−1|t−1,Kϕ) Prediction

(πt|t, ϕ) = (πt|t−1, ϕg)(πt|t−1, g)−1 Update

where ϕ is any continuous, bounded, real-valued function on
Rnx .

B. Particle Filtering

A particle filtering method approximates the optimal filter
by maintaining a collection {x(i)

t }N
i=1 of N samples of the

state, known as particles, indexed by time. The empirical
measure πN

t|t of this collection, given by:

πN
t|t(dxt) :=

1
N

N∑
i=1

δ
x
(i)
t

(dxt), (1)

is meant to approximate πt|t, the optimal filtering measure.
Note here that δx denotes the Dirac delta measure at x. Given
this object at time t − 1, we may draw samples that are
approximately distributed according to πt|t−1 by drawing

x̃(i) i.i.d.∼ πN
t−1|t−1K(dxt) =

1
N

N∑
k=1

K(dxt|x(k)
t−1).

The update step is performed by computing normalized
weights for each particles given the information Yt = yt,
and a resampling is performed to close the loop. One particle
filtering algorithm is given by Crisan and Doucet [2]:

At time t = 0.
Step 0: Initialization

For i = 1, . . . , N , sample x
(i)
0

i.i.d.∼ π0|0 and set t = 1.
At time t ≥ 1.
Step 1: Importance Sampling

For i = 1, . . . , N , sample x̃
(i)
t

i.i.d.∼ πN
t−1|t−1K.

For i = 1, . . . , N , calculate the normalized importance
weights w

(i)
t :

w
(i)
t ∝ g(yt|x̃(i)

t ) such that
∑N

i=1 w
(i)
t = 1.

Step 2: Resampling
For i = 1, . . . , N , sample x

(i)
t

i.i.d.∼ π̃N
t|t :=

(1/N)
∑N

i=1 w
(i)
t δ

x̃
(i)
t

C. Anticorrelated Sampling

Several techniques exist to expedite the convergence of
Monte Carlo type methods. Of these, several examples of
the larger class of anticorrelated sampling techniques are
introduced in [3]. These techniques specifically focus on
introducing localized, negative correlation into the simulation
of otherwise independent samples in order to reduce variance
of Monte Carlo estimates. The three results espoused were
antithetic and stratified sampling, as well as a hybridization
of the two. They are defined in terms of the simulation of
random variables via inversion of their CDFs. In particular,
one may simulate a sequence of i.i.d. random variables Xk

with distribution function F and law ν by sampling:

Uk
i.i.d.∼ Unif(0, 1) (2)

Xk := F−1(Uk), (3)

where we formally invert the CDF by defining:

F−1(u) := inf{x : F (x) ≥ u}. (4)

An empirical estimate of ν is a random measure that approx-
imates ν. It can be computed via:

νN,ω =
1
N

N∑
k=1

δXk(ω) ≈ ν, (5)

for N sufficiently large. For convenience we may suppress
the explicit dependence on the outcome ω, but all empirical
measures constructed in this way are random. We may at-
tempt to accelerate this convergence by introducing localized
correlation into the samples, say antithetically, by:

UA
k

i.i.d.∼ Unif(0, 1) (6)

XA
k,1 := F−1(UA

k ) (7)

XA
k,2 := F−1(1− UA

k ) (8)

νA,N =
1
N

N/2∑
k=1

(
δXA

k,1
+ δXA

k,2

)
, (9)

or via uniform stratification of the random variate sampled
in [0, 1):

Aj :=
[

j−1
M , j

M

)
for j = 1, . . . ,M (10)

US
k,j

i.i.d.∼ Unif(Aj) for j = 1, . . . ,M (11)

XS
k,j := F−1(ŨS

k,j) for j = 1, . . . ,M (12)

ŨS
k,j := (ΠM ~US

k )j , (13)

where ΠM is a random M × M permutation matrix. The
empirical measure constructed from these samples is given
by:

νS,Mn
M :=

1
Mn

n∑
k=1

M∑
j=1

δXS
k,j

. (14)
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A hybridization of these techniques is easily constructed by

UH
k,j

i.i.d.∼ Unif(Aj) for j = 1, . . . , M
2 (15)

UH
k,j := 1− UH

k,M−j+1 for j = (M
2 + 1), . . . ,M (16)

XH
k,j := F−1(ŨH

k,j) for j = 1, . . . ,M (17)

where ŨH
k,j := (ΠM ~UH

k )j (18)

νH,Mn
M :=

1
Mn

n∑
k=1

M∑
j=1

δXH
k,j

, (19)

for ΠM a random permutation matrix. In order to make
precise the concept of convergence of measures, we introduce
(weak) convergence of a sequence of measures {µN}∞N=1 to
another measure µ if, for any ϕ ∈ Cb(Rnx) the space of
continuous, bounded functions:

lim
N→∞

(µN , ϕ) = (µ, ϕ). (20)

Further, one can choose a countable set A = {ϕi : i ∈ N}
such that the above condition holds for every ϕ ∈ A if and
only if µN converges weakly to µ as N →∞. We may also
define a metric d on the set P(Rnx) of probability measures
on Rnx which induces this weak topology, given by:

d(µ, ν) =
∞∑

i=1

|(µ, ϕi)− (ν, ϕi)|
2i‖ϕi‖

, (21)

where ‖ϕ‖ := supx∈Rnx |ϕ(x)|, the supremum norm on
Cb(Rnx). That is, µN → µ weakly as N → ∞ if and only
if limN→∞ d(µN , µ) = 0 (see Crisan and Doucet [2]).

III. ANTICORRELATED PARTICLE FILTER IN 1-D

We may express a version of the particle filter in terms
of a composition of mappings from P(R) to itself. First, we
construct the two continuous maps used in the optimal filter.
Define bt : P(R) → P(R) to be

bt(ν)(dxt) := νK(dxt) =
∫

R
K(dxt|xt−1)ν(dxt−1), (22)

for any ν ∈ P(R). It is shown in [2] that this map is
continuous in the sense of weak topology if the Markov
transition kernel K is Feller. Observe that for any ϕ ∈ Cb(R),

(bt(ν), ϕ) = (ν, Kϕ), (23)

and also that
πt|t−1 = bt(πt−1|t−1). (24)

Similarly, we may define another map on measures, at, by
its pairing with an arbitrary continuous, bounded function ϕ
as:

(at(ν), ϕ) = (ν, g)−1(ν, ϕg), (25)

where a sufficient condition for the continuity of at is that
g(yt|·) be bounded, continuous and strictly positive. Here, it
is also clear that

πt|t = at(πt|t−1) = at(bt(πt−1|t−1)). (26)

We may also further define the maps kt and k1:t to be

kt := at ◦ bt (27)
k1:t := kt ◦ kt−1 ◦ · · · ◦ k1, (28)

which are continuous if at and bt are for every t. Note then
that for initial distribution µ, we may express the optimal
filter as

πt|t = kt(πt−1|t−1) = k1:t(µ). (29)

Now, in order to express a class of particle filters in these
terms, define the random mapping cN,ω from a measure ν
to its empirical measure by:

cN,ω(ν)(dxt) =
1
N

N∑
j=1

δVj(ω)(dxt), (30)

where Vj ∼ ν are i.i.d.. It is clear from the strong law of
large numbers that cN,ω(ν) → ν weakly as N → ∞ for
almost every ω by pairing with an arbitrary ϕ ∈ Cb(R). In
terms of the above notation, νN,ω = cN,ω(ν). The above
particle filtering algorithm can thus be expressed as:

Prediction: πN
t|t−1 = cN ◦ bt(πN

t−1|t−1)

Update and Resampling: πN
t|t = cN ◦ at(πN

t|t−1),

initialized at µN := cN (µ). Similarly, define maps kN
t and

kN
1:t to be

kN
t := cN ◦ at ◦ cN ◦ bt (31)

kN
1:t := kN

t ◦ kN
t−1 ◦ · · · ◦ kN

1 , (32)

so that

πN
t|t = kN

t (πN
t−1|t−1) = kN

1:t(µ
N ). (33)

It was shown in [2] that this version of the particle filter con-
verges in the weak sense to the optimal filter (almost surely
in the random map cN,ω). We now propose an extension of
this particle filter to methods which use negative correlation
in the prediction step. Instead of sampling the distributions in
an i.i.d. way, sample them according to the above algorithms.
For example, construct the antithetic empirical map

cA,N (ν)(dxt) := νA,N =
1
N

N/2∑
k=1

(
δV A

k,1
+ δV A

k,2

)
, (34)

where the samples (V A
k,1, V

A
k,2), k = 1, . . . , N/2 used are

i.i.d. in k and V A
k,1 and V A

k,2 are pairwise antithetically
sampled as above. We may then define the antithetic particle
filter πA,N

t|t

Initialization: πA,N
0|0 = µA,N := cA,N (µ)

Prediction: πA,N
t|t−1 = cA,N ◦ bt(π

A,N
t−1|t−1)

Update and Resampling: πA,N
t|t = cN ◦ at(π

A,N
t|t−1).

Similarly, we may define stratified and hybrid particle filters
using M uniform strata of [0, 1) in terms of the empirical
map

cα,N (ν)(dxt) := να,N
M =

1
N

N/M∑
k=1

M∑
j=1

δV α
k,j

, (35)
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for α ∈ {S,H}, that is, where V S
k,j ∼ ν and V H

k,j ∼ ν are
sampled via stratification and the hybrid technique, respec-
tively. We construct the stratified and hybrid particle filters
exactly as above with A replaced with S and H, respectively.
We now show convergence of these techniques in the weak
sense almost surely, and we expect these techniques to be
MSE non-increasing by results proven in [3].

A. Almost Sure Convergence

We proceed by proving a strong property of the conver-
gence of cα,N to identity, and then the desired result follows
immediately via a Lemma in [2].

Lemma 1: For cα,N,· as above and any sequence of mea-
sures {νN}∞N=1 such that νN → ν as N → ∞, then
cα,N,·(νN ) → ν almost surely for α ∈ {A,S,H}

Proof: Suppose {νN}∞N=1, ν ∈ P(R) are any such
measures. For any ϕi ∈ A, any empirical map cα,N , α ∈
{A,S,H}, and any number M of correlated variables per
i.i.d. sample (i.e. M = 2 for antithetic sampling, and M is
the number of strata for stratified or hybrid),

E
[(

(cα,N (νN ), ϕi)− (νN , ϕi)
)4

]
= E


 1

N

N/M∑
k=1

M∑
j=1

[ϕi(V α
k,j)− (νN , ϕi)]

4
 . (36)

For compactness, define ai
k,j := ϕi(V α

k,j) − (νN , ϕi) and
observe that ai

k,j , k ∈ {1, . . . , n/M}, j ∈ {1, . . . ,M} are
random, independent in k, correlated in j and E[ai

k,j ] = 0
since V α

k,j ∼ νN . Then we have, using these facts

E
[(

(cα,N (νN ), ϕi)− (νN , ϕi)
)4

]
(37)

= E


 1

N

N/M∑
k=1

M∑
j=1

ai
k,j

4
 (38)

=
1

N4
E

N/M∑
k=1

 M∑
j=1

ai
k,j

4


+
6

N4
E

 N/M∑
k1=1

k2=k1+1

 M∑
j1=1

ai
k,j

2  M∑
j2=1

ai
k,j

2
 (39)

= 24‖ϕi‖4
M3 + 3NM2 − 3M3

N3
(40)

≤ 48M2‖ϕi‖4

N2
, (41)

for sufficiently large N . Thus

E

[ ∞∑
N=1

(
(cα,N (νN ), ϕi)− (νN , ϕi)

)4

]

≤ 48M2‖ϕi‖4
∞∑

N=1

1
N2

< ∞. (42)

Thus, with probability 1

∞∑
N=1

(
(cα,N (νN ), ϕi)− (νN , ϕi)

)4
< ∞ (43)

=⇒ lim
N→∞

|(cα,N (νN ), ϕi)− (νN , ϕi)| = 0 (44)

for any i ∈ N. Thus limN→∞ d(cα,N (νN ), νn) = 0, almost
surely, and by the triangle inequality

lim
N→∞

d(cN,ω(νN ), ν)

≤ lim
N→∞

d(cN,ω(νN ), νN ) + lim
N→∞

d(νN , ν) = 0.

Theorem 2: For transition kernel K Feller and likelihood
function g bounded, continuous and strictly positive, then
limN→∞ πα,N

t|t = πt|t almost surely for α ∈ {A,S,H}
Proof: As was proven in [2], for at, bt continuous,

cN , cα,N endowed with the property proven in Lemma 1,
for limN→∞ µα,N = limN→∞ cα,N (µ) = µ,

lim
N→∞

πα,N
t|t = lim

N→∞
kα,N
1:t (µα,N ) = k1:t(µ) = πt|t. (45)

B. Room Population Dynamics

As a concrete illustration of the proof above, consider Xt

to be the population of a single, initially empty room into
which people enter at exponentially spaced times, and their
arrivals are independent of each other. This can be modeled
as a Poisson process with, say, unit rate. Suppose that, at
every time t, an observer attempts to count the number of
occupants but has some probability of over or undercounting.
Let this count be denoted Yt and suppose that we can model
the accuracy of the observer by

Yt = Xt + Nt (46)

where Nt is an i.i.d. noise process with distribution with pmf

P(Nt = z) =

{
κ
z4 if z ∈ Z \ {0}
κ if z = 0,

(47)

where κ = (π4

45 + 1)−1. We will henceforward refer to this
distribution as a quartic power law.

To accurately guess the state Xt, given all of the past
measurements and knowledge of the system, we must solve
the optimal Bayesian filtering problem for the measure πt|t.
However, this is in general a difficult quantity to calculate, so
we seek some computationally efficient method of approxi-
mation, the particle filtering distribution πN t|t.

We initialize a population of particles {X(i)
t }N

i=1 at the
point X

(i)
0 = 0. Now, given a particle population at time

t−1, we use our knowledge of the process Xt to predict the
next transition. This problem is simple enough that we can
efficiently determine the distribution function of the measure
πN

t|tK ∈ P(R), which is just a set of points which advance

6686



10
1

10
2

10
2

10
3

Number of Particles N

S
am

p
le

 M
ea

n
 S

q
u

ar
e 

E
rr

o
r

 

 

naive
anti
strat

Fig. 1. Plot of sample mean square error of the mean of the empirical
particle distribution from an ensemble of random sample paths of the
Poisson process. Error bars shown are standard error of the mean. Here,
ensemble size is 100. Note the apparent convergence to the Bayesian limit.

with independent Poisson distributions. In this case, it is
given by

F (z) = P(X̃(i)
t ≤ z) =

1
N

N∑
k=1

Fλ(max{z −X
(k)
t−1, 0}),

(48)
where Fλ(z) is the CDF of a Poisson distribution with rate
λ. Given access to a CDF, implementation of the antithetic or
stratified filters is trivial, so we may correlate our predictions
as above. Finally, we compute likelihood weights for each
of our samples, and resample to get a new population.

C. Numerical Results

Consider a single sample of this process, comprised of a
sample trajectory Xe

t , a sample measurement process Y e
t ,

and a particle filter of N particles, with corresponding mean
estimator

X̂e,N
t =

1
N

N∑
j=1

X
e,(j)
t . (49)

If, for every e we compute the mean square error (MSE)
|Xe − X̂e|2 and average over an ensemble {e}100e=1, we
will approximate the expected MSE of the particle filter
estimator, E[|X − (πN , x)|2]. Further, as the number of
particles N becomes sufficiently large, this quantity should
approach the optimal Bayesian limit E[|X − (π, x)|2] =
E[|X − E[X|Y ]|2] > 0 for a non-fully observed system.
Fig. 1 collects the results of these numerical experiments.
Note that, relative to the Bayesian limit, the anticorrelated
samplers can produce more than an order of magnitude
reduction MSE of the naive sampler.

IV. MULTIDIMENSIONAL ANTICORRELATED
PARTICLE FILTERING

One way to extend the variance reduced algorithms pre-
sented above to a multi-dimensional setting is via the tau-
leaping method of Gillespie [4] for simulating Markov
processes with a finite number of event channels. Consider

the random time-change representation of a Markov process
X(t) ∈ RD, t ∈ [0, T ], with I event channels, each with
propensity function ρi(t, X(t)), defined by

X(t) = X(0) +
I∑

i=1

Υi

 t∫
0

ρi(s,X(s)) ds

 ζi, (50)

where Υi is a unit-rate Poisson process and ζi ∈ RD are
the state jump vectors, so that ζi = X(t+) − X(t−), if
the ith event channel experiences a transition at time t. The
evolution of such a process can be approximated in discrete
time using the tau-leaping method. For time-step increment
τ , let t` = `τ and X̃` ≈ X(t`) for ` ∈ {0, . . . , L}, where
L := max{` : t` ≤ T}. Then X̃` evolves via

X̃`+1 = X̃` +
I∑

i=1

Si
`

(
ρi

(
t`, X̃`

)
τ
)

ζi, (51)

where Si
`(λ) ∼ Pois(λ). For compactness, define λi

` =
ρi

(
t`, X̃`

)
τ and denote Si

`

(
λi

`

)
by Si

`. Thus (51) becomes

X̃`+1 = X̃` +
I∑

i=1

Si
`ζ

i. (52)

If we couple this discrete time stochastic process with an
observation process Yt, say

X̃t+1 = X̃t +
I∑

i=1

Si
tζ

i (53)

Yt = f(Xt, Nt), (54)

where Nt is some independent noise process, and X0 ∼ µ,
then we have produced a whole class of mulitdimensional
filtering problems for finding πt|t, the law of Xt given the
observations Y1, Y2, . . . , Yt. The particle filtering approxima-
tion to the solution of this problem can be obtained exactly
as above, though often practitioners will implement a slightly
modified algorithm known as the bootstrap particle filter [9].
The primary difference between a bootstrap filter and the
particle filter presented above is that, in the prediction step,
instead of drawing

x̃
(j)
t

i.i.d.∼ πN
t−1|t−1K(dxt) =

1
N

N∑
k=1

K(dxt|x(k)
t−1).

we merely simulate the particle x
(j)
t moving forward in time

in isolation, that is

x̃
(j)
t ∼ K(dxt−1|x(j)

t−1).

So in this case, given a particle population {x(j)
t }N

j=1 at time
t, to perform the prediction step, for each particle x

(j)
t we

sample Si
t for each i ∈ {1, . . . , I} and compute

x̃
(j)
t+1 = x

(j)
t +

I∑
i=1

Si
tζ

i, (55)

and the rest of the algorithm follows as before. We can
see now that the special structure of this model alows us
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to reduce the stochastic simulation of a multidimensional
process to the simulation of I random, real-valued variables,
corresponding with each reaction process. Thus the technique
we propose for implementing anticorrelated particle filtering
is the application of the one dimensional techniques to
each of these random variables. Since the techniques as
constructed produced fully realized (yet correlated) samples
from their respective distributions, transitions simulated this
way are fair sample transitions of the process. To proceed
we first discuss the application of the stratified technique for
M strata Aj constructed as before. For each j ∈ {1, . . . ,M}
and for any i ∈ {1, . . . , I} and any time step t, take US,i

j,t
ind.∼

Unif(Aj). For a uniformly distributed random permutation
ΠS,M

t , set ~V S,i
t = ΠS,M

t
~US,i

t . Now, for each r ∈ {1, . . . ,M}
define

X̃S
r,t+1 = X̃S

r,t +
I∑

i=1

SS,i
r,t ζi, (56)

for given deterministic X̃S
r,0 = XS

r (0), where we sample SS,i
r,t

via
SS,i

r,t := F−1

λα,i
r,t

(
V S,i

r,t

)
, (57)

and where λα,i
r,t := ρi

(
tt, X̃

S
r,t

)
τ and Fλ is the Poisson CDF

with parameter λ.
The construction of the samples used for the other

variance-reduced pathwise mean estimators follow a similar
development. Hybrid paths X̃H

r,t are simulated almost iden-
tically to the stratified case, save that

UH,i
j,t ∼ Unif(Aj) if 1 ≤ j ≤ M

2
(58)

UH,i
j,t = 1− UH,i

M+1−j,t otherwise. (59)

Then, for a uniformly distributed random permutation ΠH,M
t ,

~V H,i
t := ΠH,M

t
~UH,i

t , and X̃H
r,t is constructed as above.

Finally, in the case of the antithetic estimator, to generate
an even number M of paths X̃A

r , simulate V A,i
r,t

i.i.d.∼ Unif(0, 1)
for each r ∈ {1, . . . , M

2 }, and for each event channel i and
timestep t. We then simulate X̃A

r,t as above, save that we
define

SA,i
r,t :=

F−1

λα,i
r,t

(
V A,i

r,t

)
if 1 ≤ r ≤ M

2

F−1

λα,i
r,t

(
1− V A,i

M+1−r,t

)
if M

2 + 1 ≤ r ≤ M.

(60)
While the multidimensional extension of the technique

presented here appears natural and well motivated, extension
of the proof of Theorem 2 to the multidimensional case may
require a different mathematical approach, and proof of such
a theorem is reserved for future work.

A. Building Population Dynamics

Take as an example a simple model of the movement
of people through departures side of the three domestic
terminals of O’Hare International airport. The airport is rep-
resented by a six node graph, with each terminal comprised
of a pre- and post-security node, connected as shown in
Figure 2. The state Xt ∈ R6 represents the population at each

1

2

3

5

4
6

Fig. 2. Six node graph of O’Hare International Airport’s domestic terminals
[16]. State Xt ∈ R6 is the population of each node. Measurements Yt are
taken at nodes 1, 2, 3, and 5.

node at time t. There are source type event channels at nodes
1, 2 and 3 which correspond to jump vectors ζi = ui the ith
standard unit vector in R6 for i ∈ {1, 2, 3}. The correspond-
ing rates at which these transitions occur are simple time
dependent, piecewise linear functions (though they needn’t
be, in general), ρi(t, Xt) = ρi(t)η, where η = 100 is a model
scaling factor. There are sinks at nodes 4, 5 and 6, with
corresponding jump vectors ζi = −ui for i ∈ {4, 5, 6}, and
time dependent, linear rate functions ρi(t, Xt) = ρi(t)(Xt)i,
where (x)i denotes the ith component of x ∈ R6, and ρi(t)
is also piecewise linear. A jump transition i where a person
moves from node ` to node m along an edge of the graph has
corresponding jump vector ζi = um − u`. Such transitions
from node ` ∈ {1, 2, 3} to node m ∈ {4, 5, 6} along an
edge of the graph are taken to be linear in the state, with no
explicit time dependence, of the form ρi(t, Xt) = 3γ

2 (Xt)`,
where γ = 0.12 is another scaling factor. Transitions in the
opposite direction, that is from m ∈ {4, 5, 6} to ` ∈ {1, 2, 3}
are taken to have rate 0. Finally people are free to move in
any direction along a single edge from node ` to node m,
where `,m ∈ {4, 5, 6}. Such a transition i is taken to have
nonlinear rate function

ρi(t, Xt) =
γ

2

(
(Xt)5 +

(Xt)25
2η

)
(61)

if the transition is leaving node 5 and

ρi(t, Xt) =
γ

3

(
(Xt)` +

(Xt)2`
2η

)
, ` ∈ {4, 6} (62)

if the transition is entering node 5. Noisy, low resolution
measurements of part of the state are available at nodes 1,
2, 3, and 5, and are given by

(Yt)` = χ

(⌈
(Xt)`

χ

⌉
+ Nt

)
, ` ∈ {1, 2, 3, 5} (63)

where χ is a scaling factor determining resolution as well
as variance of the noise, and Nt is an i.i.d. noise sequence
drawn from a quartic power law.
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Fig. 3. Illustrative sample path Xt, shown with mean path estimator
(dashed lines) of a corresponding particle filter with 100 particles. Note
that here the measurements have a resolution of only χ = 50 and nodes 4
and 6 are not even observed directly.
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Fig. 4. Plot of sample mean square error of the mean of the empirical
particle distribution from an ensemble of random sample paths of the airport
model. Error bars shown are standard error of the mean. Here, ensemble
size is 16000. Note the apparent convergence to the Bayesian limit.

B. Numerical Results

We see in Fig. 3 a single sample path of this process,
along with the mean estimator produced by a 100 particle
filter. We can repeat the experiment in the scalar case, save
that we now compute MSE in terms of norms squared
‖Xe − X̂e‖2 and approximate the expected MSE of the
multidimensional particle filter estimator, E[‖X−(πN , x)‖2].
Again, as the number of particles N becomes sufficiently
large, this quantity should converge to the optimal Bayesian
limit E[‖X − (π, x)‖2] = E[‖X − E[X|Y ]‖2] > 0. Fig. 4
plots these estimated MSEs versus number of particles for
each of the techniques presented here. Observe that the
estimators appear to closely approximate the limit in a
relatively small number of particles, and that the MSEs of
the anticorrelated particle filter mean estimators appear to
be upper bounded by the naive particle filter. Also note that
relative MSE reductions do not appear to be as drastic as in
the one dimensional case.

V. CONCLUSION

In this work, we proposed the idea of introducing anti-
correlation into the Monte Carlo prediction step of particle
filters. In the one dimensional case, we proved that almost
every of these (random) measures converge to the Bayesian
limit in the weak sense, and then supported this with nu-
merical results for a Poisson process model that showed
reductions of greater than an order of magnitude in MSE
(relative to Bayesian optimal) from the naive technique. We
also showed that these techniques can be extended to higher
dimensions in the case of bootstrap filter estimation of tau-
leaping models. We showed more modest reductions in MSE
for the anticorrelated techniques in this case.
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