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Ahstract- We provide the first known rigorous theoretical 
analysis of previously published anticorrelated variance re
duction techniques for tau-leaping systems. These algorithms 
provide a way to reduce the expected MSE of mean estimators 
by introducing local negative correlation between Monte Carlo 
sample paths. We prove a recursive equation governing the 
evolution of these covariances in both the nonlinear and linear 
cases. Further, we prove sufficient algebraic conditions for 
variance reduction in the linear rates case that require no 
stochastic simulation. Finally, we present an example system to 
illustrate both the application of these tests and to demonstrate 
their effectiveness. 

I. INTRODUCTION 

The results of this paper pertain to previously published 
[11] anticorrelated stochastic simulation algorithms for vari
ance reduction in discrete time tau-leaping Markov pro
cesses. This work focuses primarily on providing rigorous 
theoretical results to explain numerical behavior observed 
in the previous paper. Specifically, we provide a recursive, 
discrete-time equation governing the covariance of the algo
rithm, and, in considering the linear case, prove an explicit 
affine matrix equation to determine the behavior of the 
stochastic algorithm. We also prove an algebraic test to 
determine the potential benefits of the algorithm a priori 

to stochastic simulation in this linear case. While these 
algorithms, as shown in [11], are widely applicable to prob
lems of estimation (including particle filters for nonlinear 
systems), here we focus on variance reduction of stochastic 
simulation. 

Markov processes with transitions governed by a finite 
number of reaction channels are widely applicable, for 
instance in aerosol simulations [8] or gene regulation net
works [12]. Such systems can be exactly simulated using 
Gillespie's stochastic simulation algorithm (SSA) [1], but 
certain applications driven by numerous fast reactions can 
render this method unwieldy. The tau-leaping method is a 
fast, discrete-time approximation for simulating such discrete 
Markov processes, where the number of events within a 
timestep are sampled from appropriate Poisson distributions. 
The method was introduced by Gillespie [2], and stability 
and convergence to the exact SSA are well established 
[5]. Significant work has been done to further reduce the 
cost of tau-leaping algorithms, including the development of 
adaptive step size selection [6], [7] and implicit variants [3]. 
The algorithms we focus on here are aimed at reducing the 
variance of ensembles of tau-leaping simulations in order to 
reduce the error of estimators. 
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In section II we provide some background on anticorre
lated sampling methods and context for the discrete-time 
Markov processes of interest. In section III we show how 
anticorrelated sample paths of these discrete-time processes 
can be simulated and provide novel representations of the 
evolution of their inter-ensemble covariances in both the 
general nonlinear and linear rate function cases. Next, in 
section IV, we prove sufficient conditions for these algo
rithms to reduce variance of mean estimates in the linear 
case. Finally, in section V we provide an example system 
to illustrate the application of the sufficient conditions, and 
provide supporting stochastic simulations that concur with 
these conditions. Note that this work provides the only 
known theoretical analysis of the effectiveness of these 
anticorrelated simulation algorithms for this example. 

II. PRELIMINARIES 

A. Anticorrelated Stochastic Sampling Algorithm 

The usual method of simulating random variables is 
drawing a sequence of independent, identically distributed 
(i.i.d.) realizations. These samples can be used to compute 
statistics in order to estimate properties of some distribution, 
say its mean. One method to reduce the variance of such 
mean estimates is anticorrelated sampling, whereby the in
dependence assumption is relaxed and samples are drawn in 
correlated batches such that the estimators they produce have 
lower variance. The three examples of this technique that are 
of interest to this work are antithetic, stratified and hybrid 
sampling. They are studied in detail in [9] and employed in 
a particle filtering context in [11]. Briefly, these techniques 
can be sUlmnarized as follows. 

In each technique, M random variables are simulated 
simultaneously such that they are negatively correlated. This 
process can be repeated in an i.i.d. fashion to produce an 
arbitrarily large sequence of random variables. Let F).. (n) 
denote the CDF of the Poisson distribution with parameter 
A and consider the formal inverse 

F;:l(U) := inf{n E 2:+ : F)..(n) 2 u}. (1) 

Then 8 = F;:l(U) rv POiS(A) if U rv Unif[O,l] . In 
antithetic sampling, M = 2 as pairs of random variables 
are drawn simultaneously. To generate each pair, draw a 
single U rv Unif[O,l] and set 81 = F;:l(U) and 82 = 

F;:l(l - U). Clearly, 81 is a POiS(A) random variable, 
but 1 - U rv Unif[O,l] as well, so 82 is clearly also a 
Poisson random variable with parameter A, and is negatively 
correlated with 81. This process trivially generalizes to 
produce 81 rv POiS(A1) and 82 rv POiS(A2), negatively 



correlated for any AI, A2, and this fact is used in the proof 
of Lemma 1. 

Alternatively, stratified sampling draws M simultaneous 
correlated samples by first partitioning the unit interval [0.1] 
into M intervals {Ar };!l' Here we stipulate the intervals be 
of uniform size, and draw Ur i"�' Unif(Ar), r E {I, . . .  ,M}. 
Then we apply a uniformly distributed random permutation 
IIM to produce Vr = IIM(Ue), so that Vr rv Unif[O, 1] and 
each Vr, is negatively correlated to Vr2 for any rl i- r2 
since neither can appear in the same stratum. Then we simply 
define Sr = F;,.l (Vr) to produce stratified Poisson random 
variables. 

While antithetic and stratified techniques are well known 
and used in some form, they perform reduce variance with 
different effectivenesses in different regimes of Poisson pa
rameter A. Knowing this, we proposed in [9] a hybridization 
that performs at least as well as either original technique in 
every regime. The hybrid technique can be summarized as 
follows: we partition the unit interval into some even number 
M of uniform intervals Ar = [rMl , �), r E {l, . . .  , M}. 
Then sample 

Ur i"�' Unif(Ar), r E {I, . . .  , M/2} 
Ur := 1 - UM-r+!, r E {(M/2 + 1), . . .  , M} 
Vr = IIM(Ue) 
Sr = F;rl(Vr). 

B. Continuous-Time Markov Processes and Tau-leaping 

(2) 

(3) 

(4) 

(5) 

Consider a continuous time Markov processes X(t) mov
ing due a finite set of I reaction channels each with a corre
sponding rate functions pi(t, X(t)). One way of representing 
such a system is the random time-change representation 

X(t) = Xo + t yi (It 
pi(S, X(s)) dS) (\ (6) 

where t E [0, T] and for each i, yi(t) E lR is a unit-rate 
Poisson process and (i E lRn is the vector change in state due 
to a single instance of the ith reaction A standard method of 
simulating this system is Gillespie's SSA [1]. However, when 
reactions occur very frequently, SSA becomes expensive and 
an approximate method known as tau-leaping, also due to 
Gillsepie [2], is commonly used. The tau-leaping method 
is a discrete time approximation where transitions due to 
the continuous time Poisson process are approximated by 
corresponding Poisson random variables. That is, for time 
increment T, let te = f!T and Xe ;::::: X(te) fod' E {O, . . .  ,L}, 
where L := max{£ : te :::; T}. Then Xe evolves via 

I 
Xe+! =Xe+ L Se(pi(te,Xe) T)(i, (7) 

i=l 
where S�(A) rv POiS(A). Define Ai(£,Xe) = pi(te,Xe) T and 
denote S� (Ai(£, Xe)) by S�. Thus (7) becomes 

I 
Xe+! = Xe + L S�(i. (8) 

i=1 
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III. ANTICORRELATED STOCHASTIC 
SIMULATION 

We now focus our attention on variance reduced sim
ulation of systems like (8). We will introduce correlation 
between some of the Poisson samples used to simulate 
these systems in order to produce ensembles of correlated 
paths. When we can extend the negative correlation of our 
Poisson samples to negatively correlated paths, the variance 
of pathwise mean-eastimators will go down. Allowing for 
a slight abuse of notation, consider an ensemble of M tau
leaping systems given by: 

I 
Xr,Hl = Xr,t + L S�/i, 

i=l 
r E {I, . . .  , M}, (9) 

where, for each event channel i E {l, . . .  ,I}, the collection 
{S�,t};!l c lR are simulated as an anticorrelated ensemble, 
and each element is assigned as input to a different path. 
Since 

(10) 

each of these paths is a fair draw of the system. Now, all S�,t 
are mutually correlated, both with other members of their 
ensemble through the anticorrelated simulation technique, 
but also due to interactions between paths Xr,t which may 
now also be correlated. Define 

M 
�M "' � I{I t := � Xr,t 

r=1 
(11) 

the naive mean estimator of the stochastic process and the 
corresponding anticorrelated mean estimator 

M 
I{I� := L Xr,t S.t. Xr,t �. Xt 

r=l 
(12) 

simulated as above. To prove that the anticorrelated estimator 
has lower variance than the naive estimator in some sense 
(say, the MSE: tr Cov(I{I�) :::; tr Cov(Wr) for each t), it 
is sufficient to show that trCov(Xr"t,Xr2,t) :::; ° for any 
rl i- r2 E {I, . . .  , M}. We now derive a recursive matrix 
equation to compute this pairwise covariance. 

Proposition 1: For any collection of rate functions 
{ i}I A i=I' 
COV(Xr"t+l, Xr2,t+l) = Cov(Xr"t, Xr2,t) 

I 
+ L Cov(Xr"t, Ai(t, Xr2,t))(iT 

i=l 
I 

+ L C COV(Ai(t, Xr"t), Xr2,t) 
i=1 
I I 

+ L L COV(Ail(t,Xrl,t),Ai2(t,Xr2,t))(il(i2T. 
i,=l i2=1 
I 

+ L c�"r2,t(iC T, 
i=1 

(13) 



where 

:= 1E[(S�l,t -Ai(t,Xr1,t)) . (S�2,t -Ai(t,Xr2,t))] 
(14) 

is a real number. 

Proof First, we expand the covariance in terms of the 
last time step using the system definition and the bilinearity 
property of the covariance operator to obtain 

COV(Xr1,t+1, Xr2,t+d 
I I 

=COv (Xr1,t+ L S�1,t(i,Xr2,t+ L S�2,t(i) (15) 

i=l i=l 
I 

= Cov(Xr1,t,Xr2,t) + L COV(Xr1,t,S�2,t)(iT 

i=1 
I 

+ L (i COV(S�l,tl Xr2,t) 
i=l 

Observe that the cross term 

Cov(Xr1,t, S�2,t) 
= IE [(Xr1,t -IE[Xr1,t])(S�2,t -IE[S�2,t])] 
= IE [IE [(Xr1,t -1E[Xr1,t]) 

· (S�2,t -IE[S�2,t])IXrl,t' Xr2,t] ] 
= IE [(Xr1,t -IE[Xr1,t]) 

· IE [S�2,t -IE[ S�2 ,t]IXr1,t, Xr2,t] ] 
= IE [(Xr1,t -IE[Xr1,t]) 

· (Ai(t, Xr2,t) -IE[Ai(t, Xr2,t)])] 
= Cov(Xr1,t, Ai(t, Xr2,t)), 

(16) 

(17) 

(18) 

(19) 

(20) 

(21) 

where the second to 
IE[S�2 tIXr1,t,Xr2,t] 
IE[Ai(t, Xr2,t)]. Similarly, 

last equality holds since 
Ai(t, Xr2,t) and IE[S�2,t] 
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We treat the last term of (16) by considering two different 
cases. When i1 i- i2, 

Cov(S��,tl S��,t) 
= 1E[(S��,t -IE[S��,t])(S��,t -IE[S��,t])] 
= IE [IE [(Si1 _ 1E[Si1 ]) rI,t TI,t 

· (S��,t -IE[S��,t])IXrl,t' Xr2,tl ] 
= IE [1E[S��,t -IE[S��,t]IXr1,t' Xr2,t] 

· IE[S��,t -IE[S��,t]IXr1,t,Xr2,tl ] 
= IE [(Ail (t, Xr1 ,t) -IE[A i1 (t, Xr1,t)]) 

· (Ai2(t,Xr2,t) -1E[Ai2(t,Xr2,t)])] 
= Cov( Ail (t, Xr1 ,t), A i2 (t, Xr2,t)), 

(23) 

(24) 

(25) 

(26) 

(27) 

since, when conditioned on (Xr1,t, Xr2,t), S��,t and S��,t 
are independent. When i1 = i2 = i, however, S��,t and 

S��,t are conditionally dependent by construction. In this 
case, consider the equivalent form 

COV(S�l,t' S�2,t) 
= IE [1E[(S�l,t -IE[S�l,t]) 

. (S�2,t -IE[S�2,t])IXr1,t' Xr2,tl ] 

= IE [IE [ (S�l,t -Ai (t, Xr1,t) 

+ Ai(t, Xr1,t) -IE[S�l,t]) 
. (S�2,t -Ai(t,Xr2,t) 

(28) 

+ Ai(t, Xr2,t) -IE[S�2,t]) IXr1,t, Xr2,t] 1 (29) 

=1E [1E [(S�1,t-Ai(t'Xr1,t)) . (S�2,t-Ai(t,Xr2,t)) 

+ (S�l,t -Ai(t, Xr1,t)) . (Ai(t, Xr2,t) -IE[S�2,t]) 
+ (S�2,t -Ai(t, Xr2,t)) . (Ai(t, Xr1,t) -IE[S�l,t]) 
+ (Ai(t, Xr1,t) -IE[S�l,t]) . (Ai(t, Xr2,t) -IE[S�2,t]) 

IXr1,t,Xr2,t] ] . (30) 

Each of the two cross terms vanish, since (Ai (t, Xr,t) -
IE[S�,t]) is Xr,rmeasurable, can thus be pulled out of the 
conditional expectation, and is mean zero. The last term is 
identical to the case when i1 i- i2. Thus (30) can be written 
as 

Cov( S�l,t' S�2,t) 
= C�l ,r2,t + COV(A i(t, Xr1 ,t), A i(t, Xr2,t)). (31) 

The result follows by substituting (21 ), (22),(27), and (31) 
into (16). • 

For a general nonlinear collection of rates {Ai (t, Xt)}, this 
equation is difficult to analyze or solve. Instead, consider the 



case of linear rate functions. The next result proves a useful 
structural property in this case. 

Corollary 1: If the rate functions are linear, i.e. . ·T · A'(t, Xt) = ",' Xt, ",' E IRn for each i, then for r1 i=- r2 the 
recursive covariance equation is affine. Specifically 

Cov(Xr"t+1, Xr2,Hd 
I 

= £:(Cov(Xr"t,Xr2,t)) + L C�"r2,t(i(iT, (32) 
i=l 

where £: is a known, time-invariant linear map from the space 
of symmetric matrices to itself. 

Proof Suppose all rate functions are linear. Then (13) 
becomes 

COV(Xr"H1, Xr2,Hd = Cov(Xr"t, Xr2,t) 
I 

+ L Cov(Xr"t, Xr2,t)",i(iT 
i=l 

I 
+ L (i",iT Cov(Xr"t,Xr2,t) 

i=l 
I I 

+ '" '" /i, ",il T Cov(X X )",i2/i2 T 
� � � TI,t, T2,t � 

I 
+ L C�"r2,t(i(iT. (33) 

i=l 
It is clear that (33) is an affine recursive matrix equation 
with unknown Cov(Xr"t, Xr2,t). In order to represent £: 
more compactly, we define A�"r2 := Cov(Xr"t,Xr2,t) and 

I ··T Q := Li=l ("",' E IRnxn so that 

Ar"r2 _ Ar"r2 + Ar"r2QT + QAr"r2 t+1 - t t t 
I 

+ QAr"r2QT + '" ci C(iT. (34) t � TI,r2,t 
i=l 

Note that the linear map that acts on A�' ,r2 depends only 
on parameters of the system, namely the jump vectors and 
jump rates, and is thus time-invariant. • 
Before proceeding, we require a simple result that c�"r2,t :::; 
O. 

Lemma 1: For any i, if {S�,t};!l is simulated using one 
of our three anticorrelated techniques (antithetic, stratified or 
hybrid), then, for r1 i=- r2 
ci Tl,T2,t 

:= IE[(S�"t -Ai(t,Xr"t)) . (S�2,t -Ai(t,Xr2,t))] :::; 0 
(35) 

Proof We proceed by proving the antithetic case, 
then the stratified case, and the hybrid case follows as an 
inunediate corollary. In the antithetic case, M = 2, and we 
first observe that for any AI, A2 E IR+ , COV(Sl, S2) :::; 0 
where Si rv POiS(Ai) and Sl and S2 and antithetically paired. 
Indeed, for some U rv Unif[O, 1], 

COV(Sl, S2) = Cov(F;:/(U), FAz1(1 -U)) (36) 

= -COV(F)..�l(U), -FAz1(1 -U)) :::; 0 (37) 
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due to a result proven in [4] since F):,l(U) and -FAz1(1 -
U) are both non-decreasing functions of U. Now suppose 
Sri(t,x) rv POiS(A(t,X)). Thus for any fixed X1,X2 E IRn, 

O?: Cov(Sr,(t,X1),Sr2(t,X2)) (38) 

= IE [(SrI (t, Xl) -A(t, xd )(Sr2 (t, X2) -A(t, X2) )]. (39) 

Since this is true for any Xi, it is also true that 

o ?: IE[(S�"t -Ai(t, Xr"t) 
. (S�2,t -Ai(t, Xr2,t)IXr"t, Xr2,t], (40) 

almost surely, since this is exactly the same integral (in U) 
for given Xr, ,t, Xr2,t random. Taking expectation of both 
sides, we get 

(41) 

To prove the stratified case, it is clear that, as above, we need 
only prove that the nonpositivity condition holds for arbitrary 
AI, A2 E IR+. Then the claim would hold after taking 
randomized Ai(t, Xr"t) in a conditional expectation and 
integrating both sides. Suppose we have M strata Ar, r E 
{1, . . .  , .Af}. Consider any pair of stratified Poisson samples 
SrI = F):,l(Vrl) rv POiS(A1) and Sr2 = FAz1(VrJ rv 

POiS(A2)' where Vrll Vr2 rv Unif[O, 1] are stratified uniform 
random variables. Let A( v) denote the stratum containing 
v E [0,1]. Then 

Cov(Sr" Sr2) 

= 
j.1 j' 

(F;:l(vd _ Ad 
Vl=O v2E[0,1]\A(Vl) 1 

. (FAz1(V2)-A2)dv2dv1 (42) 

= 1:=0 1:=0 
(F):,1(V1) -Ad 

. (FAz1(V2) -A2)dv2dv1 

_ 11 1 (F;:l(vd -AI) 
Vl=O v2EA(v,) 1 

. (FAz1(V2)-A2)dv2dv1 (43) 

= -Cov(Sr" 82) (44) 

where 82 := FAz1(V2) for V2 rv UnifA(Vr,) rv Unif[O,1]. 
The last equality uses the fact that the first integral in (43) 
is precisely the covariance of independe!!t Poisson variables 
and is thus equal to O. Since Vr, and V2 are forced to be 
drawn from the same stratum but are otherwise indepen
dently sampled, it is trivial to see that Cov(Sr" 82) ?: 0 and 
the proof is complete. Using a result in [9], the covariance 
of the hybrid estimator is at most the covariance of either of 
the corresponding antithetic or stratified samplers. • 

IV. SUFFICIENT CONDITIONS FOR VARIANCE 
REDUCTION 

In order to develop a sufficient, testable condition for 
ensemble variance reduction of our algorithm, recall that 
trCov(lJItt) :::; trCov(liItt) for each t > 0 if tr A�"r2 :::; 0 
for each r1, r2, and t > O. If our initial conditions {Xr,o} 



are deterministic or independent, then we have A�"T2 = 0 
and thus 

I 
AT1 ,T2 = ""' ci (i(iT (45) 1 L....t Tl,T2,O 

i=1 
===} tr A�"TZ ::; O. (46) 

If we consider the set of n x n-matrices as a vector space to
gether with the Frobenius inner product ((A, B) : = tr AB T), 
then we'd like the matrices {A�"TZh>o to each remain in the 
half-space H_ := {A E IRnxn : (A, In) ::; O}. The second 
term of the affine equation (32) lies always in the negative 

I ··T . 
cone n := {Li=1 c'('(' : c" ::; 0 for each i} C H_, 
which leads us to our first sufficient condition for variance 
reduction. 

Proposition 2: Suppose A�' ,TZ = O. For any R E n, 
if £f(R) E H- for every g ?: 1, then A�"TZ E H
for every t ?: O. Further, if this condition holds for each 
1 ::; rl i- r2 ::; M, then tr Cov(wf1) ::; tr Cov(Wf1), that is, 
the anticorrelated mean estimator has lower expected mean
square error than a naive estimator. 

P .+ D fi RT1 ,T2 ",I i /'i/'i T Th ,. roo): e ne t := L... i=1 CT1 ,T2,t'> '> . en, lor 
each rl i- r2 and t ?: 0, R�' ,TZ E n. For each t ?: 1, a 
solution to (32) is given by 

t-l 
A�"T2 := L £t-k-l(R�"T2). (47) 

k=O 

Since £t-k-l(R�"T2) E H_ and since the half-space H_ is 
closed under addition, A�' ,TZ E H_ for every t ?: O. • 
A less general but more easily verifiable condition is pro
vided in the next result, in the case when there exists an 
eigenbasis {Vj }j:l for £ in the space of n x n matrices. 

Z Proposition 3: Suppose the eigenvectors {Vj }j=1 of £ 
form a basis for IRnxn. For each i E {l, . . .  , M}, define · ·T · . 
R' := CC and let pj denote the jth coordinate of R' 
with respect to this basis. If, for each j E {I, ... , n2}, 
pj(Vj, In) ?: 0 and pj i- 0 ===} Aj ?: 0, then A�"TZ E H
for every t ?: 0 and rl i- r2. 

Proof Any R E n can be expressed as 

I I n' 
R= LciRi = Lci(LpjVj), (48) 

i=1 i=1 j=1 
and for any g ?: 0, 

I n2 

£R.(R) = L ci (L A;pjVj), 
i=1 j=1 

(49) 

i i i R. i If Pj (Vj, In) ?: 0 and Pj i- 0 ===} Aj ?: 0, then c Aj PjVj E 
H_ for any ci ::; O. Thus, by closure of the half-space under 
addition, £R.(R) E H- for any g ?: 0 and the conditions of 
Propositon 2 are satisfied for any rl i- r2. • 
Thus passage of a simple algebraic test is sufficient to prove 
variance reduction. Note that this condition depends only on 
parameters of the system ((i and ",i) and thus requires no 
dynamic checking or even stochastic simulation to verify. 
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V. EXAMPLE SYSTEM 

Suppose we consider a 2-dimensional system with particle 
objects A and B. Suppose the reaction channels are given by 

(50) 

(51) 

where the state Xt E 71} is the number of particles of each 
species. Suppose that the rate functions are linear, and the 
parameters of the system are given by: 

",1 ( 0.03 ) 
0.01 ( 0.01 ) 
0.03 

(52) 

Note specifically here that this system is not meant to 
represent chemical reactions and is decidedly not governed 
by mass action type rate functions. It is easy to compute the 
quantities Q and Ri to be 

Rl=(I(IT = ( 1 -1 ) 
(53) -1 1 

R2 = (2(2T = ( 4 -4 ) 
(54) 

-4 4 
2 ) 

Q = � (i",iT = ( ��O�l 0.05 
(55) 

-0.05 

To verify the conditions of Proposition 3, consider the 
vectorized form of 34: 

vec(A�.1.'�2) = (In' +Q®In+ln®Q+Q®Q 
I 

_ L (i ",i T ® (i ",i T) vec(A�"TZ) 
i=1 
I 

+ L C�"T.,t vec(Ri). (56) 
i=1 

In these coordinates, it is easy to express £ as left multipli
cation by a 4 x 4 matrix L, specifically ( 0.989 

L � 0.011 � 

0.011 
-0.001 

0.048 0.048 
0.942 0.002 
0.002 0.942 
0.008 0.008 

-0.001 ) 
0.051 
0.051 
0.899 

(57) 

with eigenvalues � {I, 0.94, 0.882, 0.94} and corresponding 
eigenbasis 

43.3 
9.6 
9.6 
1 

o 
-1 
1 
o 

-5.3 ) 
4.3 

o . 

1 

(58) 

In this example, it's easy to compute the coordinates of 
Rl, R2 with respect to this basis. For j E {2, 3, 4}, the 
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Fig. 1. A single naive sample path (components of Xt plotted separately) 
and two antithetically paired sample paths. Particle scale in this case is 
determined by the initial condition of each species, here 100 particles. 

component pj = 0, and pt = 1 and pi = 4. The conditions 
of the Proposition are satisfied since Al = 1 2: ° and 

2: 0, (59) 

for both i = 1 and i = 2. Note that algebraic tests of this 
type are very cheap and need be performed at most n2 times. 

A. Stochastic Simulation Example 

As an additional demonstration, the system of the previous 
example was simulated stochastically in order to directly 
compare the naive technique to the three anticorrelated 
sampling methods proposed. A 4 sample mean estimator was 
constructed for each anticorrelated technique as well as for 
the naive i.i.d. method. For illustrative purposes, a single 
naive sample path and a pair of antithetic paths are plotted 
versus time in Figure 1. The mean square error of each mean
estimator (i.e. tr Cov(lJit)) is also plotted versus time in 
Figure 2. Note the confirmation of the predicted reduction in 
variance, in this case up to 2 orders of magnitude reduction 
in MSE for the hybrid anticorrelated algorithm. 
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