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We propose an algorithm to accelerate Monte Carlo simulation for a broad class of 
stochastic processes. Specifically, the class of countable-state, discrete-time Markov chains 
driven by additive Poisson noise, or lattice discrete-time Markov chains. In particular, this 
class includes simulation of reaction networks via the tau-leaping algorithm. To produce 
the speedup, we simulate pairs of fair-draw trajectories that are negatively correlated. Thus, 
when averaged, these paths produce an unbiased Monte Carlo estimator that has reduced 
variance and, therefore, reduced error. Numerical results for three example systems 
included in this work demonstrate two to four orders of magnitude reduction of mean-
square error. The numerical examples were chosen to illustrate different application areas 
and levels of system complexity. The areas are: gene expression (affine state-dependent 
rates), aerosol particle coagulation with emission and human immunodeficiency virus 
infection (both with nonlinear state-dependent rates). Our algorithm views the system 
dynamics as a “black-box”, i.e., we only require control of pseudorandom number generator 
inputs. As a result, typical codes can be retrofitted with our algorithm using only minor 
changes. We prove several analytical results. Among these, we characterize the relationship 
of covariances between paths in the general nonlinear state-dependent intensity rates case, 
and we prove variance reduction of mean estimators in the special case of affine intensity 
rates.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

The objective of this work is to reduce the computational cost of Monte Carlo mean estimation of lattice discrete-time 
Markov chains (lattice DTMCs), a class which includes countable state-space Markov processes governed by a finite number 
of reaction classes. This goal is achieved by construction of anticorrelated ensembles of sample path realizations of lattice 
DTMCs which produce unbiased, variance-reduced mean estimates of the lattice DTMC distribution. The benefit of reduced 
variance mean estimators is a reduction in the number of sample paths needed to produce equally accurate estimates, and is 
particularly necessary when simulating large systems. For example, we show two to four orders of magnitude mean-square 
error (MSE) reduction for mean estimates of the tau-leaping distributions for three systems in the numerical examples we 
present for high volume regimes. This corresponds to a one to two orders of magnitude decrease in the number of sample 
paths needed to estimate the mean behavior of these discrete-time systems at fixed accuracy. The proposed methods require 
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Fig. 1. Traditional Monte Carlo mean estimation using iid stochastic simulation. Here, iid sequences {U 1, U 2, . . . } of standard uniform variates from a random 
number generator (RNG) drive a particular discrete-time process simulation. These sources of randomness, combined with initial conditions (IC) and system 
parameters, govern the system evolution, and are used to produce a sequence of iid sample paths {X j

t }N
j=1. This sequence is then used to compute the 

sample mean, !̃t = 1
N

∑N
j=1 X j

t , in order to approximate E[Xt ], the true mean of the process.

Fig. 2. Variance-reduced Monte Carlo mean estimation using antithetic stochastic simulation as an alternative to the iid Monte Carlo estimation architecture 
shown in Fig. 1. Again, a single stream of standard uniform variates {U 1, U 2, . . . } drive a particular discrete-time process simulation to produce a sequence 
of iid sample paths {X (1), j

t }N
j=1. Additionally, however, the corresponding antithetic standard uniform sequence {1 − U 1, 1 − U 2, . . . } (itself a sequence of 

uniform variables on [0, 1]) is used as input for another realization of the same discrete-time process simulation with the same initial conditions and reac-
tion rates to produce another iid sequence {X (2), j

t }N
j=1 of sample paths with identical marginal distribution. The most important feature of these sequences 

is that, for any j, X (1), j
t and X (2), j

t are correlated for each t . When this correlation is negative, their sample mean, !ANTI
t = 1

2N

∑N
j=1

(
X (1), j

t + X (2), j
t

)
, will 

be an unbiased estimator of the true mean E[Xt] and will have lower variance than !̃t .

only the manipulation of uniform random inputs to the “black-box” system dynamics, and thus are easily implemented in 
any typical code. This feature of our approach is similar to that of other numerical algorithms that incorporate legacy 
simulation codes in a modular fashion, such as the recursive projection method [1] and equation-free methods [2]. The flow 
of traditional independent, identically distributed (iid) Monte Carlo simulation for mean estimation is shown in Fig. 1, and 
is contrasted with Monte Carlo driven using our antithetically paired sample paths, shown in Fig. 2.

We reduce the computational cost by simulating an ensemble of paths {X (r)} so that they are statistically dependent 
on each other, in such a way that they are identically distributed but are now negatively correlated. This contrasts with 
traditional Monte Carlo, where sample paths are required to be iid. Negative covariances (anticorrelation) between the sim-
ulations reduce the MSE (or variance) of the mean estimate. We produce negatively correlated ensembles of sample paths 
by generalizing the well established variance reduction technique of antithetic sampling [3], often used in the simulation 
of static random variates, to the dynamic, multi-dimensional realm of stochastic processes. Of particular interest are mean 
estimators that dominate traditional iid Monte Carlo estimates, meaning unbiased estimators whose MSE is lower than 
iid estimators over any operating parameters. Dominant mean estimators avoid the need to tune a given technique to a 
particular application and also provide performance guarantees. Over such a general class of models (with no apparent ex-
ploitable symmetries), a generalized variance reduction via anticorrelation is challenging; analytical guarantees are difficult 
to achieve for the same reason that Monte Carlo simulation is necessary, namely that such models are often analytically 
intractable.

Our approach differs from well-known variance reduction techniques that are interested in rare events, such as impor-
tance sampling [4] or restarting type methods [5], in that it is focused primarily on typical behavior as opposed to rare 
events and that it involves no change of measure. The marginal distributions of paths produced are identical to normal 
stochastic simulation of lattice DTMCs, and it is only correlation between some samples that is altered [6]. Two key benefits 
of this approach are: 1) it requires negligible computational overhead above generic tau-leaping to operate; and 2) it is 
compatible with existing codes in that it requires no change to the simulation processes. Both of these features are due 
to the method only requiring accounting for and manipulation of random uniform inputs to the process. Note also that, 
by passing the seed of the PRNG as an argument to each simulation call, we require effectively no additional memory and 
still maintain the so-called embarrassing parallelizability that is a key feature of traditional iid Monte Carlo simulation for 
large-scale applications.

The class of lattice CTMCs (e.g., discrete-space, continuous-time Markov processes governed by a finite number of re-
action channels) includes a broad range of stochastic systems, and, in particular, includes models for stochastic chemical 
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systems [7], high dimensional fluid/particle mixtures [8], and gene expression systems [9]. Tau-leaping methods [10] are 
fast, discrete-time approximations of such lattice CTMCs, and are a primary example of the lattice DTMCs we study in this 
work. In tau-leaping algorithms, the number of events within a timestep are sampled from appropriate Poisson distribu-
tions; it is the exact analog of a deterministic Euler approximation in time of a lattice CTMC. The method was introduced by 
Gillespie [10], and is particularly desirable for the simulation of processes that have at least some reaction channels which 
experience many transitions on short time scales. The discrete-time approximation used in tau-leaping produces a biased 
lattice DTMC distribution with respect to the original lattice CTMC distribution, but stability and convergence to the stochas-
tic simulation algorithm (SSA) [11,7] (which simulates lattice CTMCs exactly) have been proven [12] as step-size τ becomes 
small. Significant work has been done to produce enhanced tau-leaping algorithms, including the development of adaptive 
step size selection [13,14] and implicit variants [15]. Outside of the tau-leaping setting, the slow-scale SSA method [16] has 
been proposed to simulate fast and slow dynamics in a separate but coupled fashion. Other variance reduction techniques 
applied to the continuous simulation version of this class of processes include, for example the common random numbers 
and common reaction path methods proposed in Rathinam et al. [17] and an efficient finite-difference technique proposed 
by Anderson [18], used for the estimation of parameter sensitivities. Anderson and Higham [19] have also proposed a mul-
tilevel technique that reduces variance using a type of iterated control variates. For multiscale systems in this class, exact, 
reduced cost sampling techniques using binning strategies [20] compatible with the techniques of this paper have been 
shown to be effective.

The outline of the paper is as follows. In Section 2, we motivate the variance reduction problem, define the class of 
lattice DTMCs, and recall that tau-leaping approximations for stochastic simulation are a common source of such systems. 
Section 3 defines the sample paths used to produce variance-reduced estimators for lattice DTMC simulation. In Section 4, 
we prove several analytical results for this class of estimators, including that the variance-reduced lattice DTMC methods 
are still generating fair path samples of the original discrete-time stochastic system. Further, we examine the evolution 
of the covariance of these paths and provide sufficient conditions for variance reduction in the affine rates case. Three 
example systems are numerically simulated with the proposed sampling method in Section 5: an affine-state-dependent 
gene expression system and two nonlinear systems: particle coagulation under gravitational settling in the presence of 
particle emissions and an HIV infection system. In each case, the change in MSE as the system size increases is studied. 
The numerical results in the first system provide additional verification of the analytical results, and the latter two systems 
demonstrate dramatic performance improvement in the analytically intractable nonlinear case.

2. Motivation and definitions

Our setting of interest is the Monte Carlo estimation of the mean behavior µt of a discrete-time stochastic process Xt . 
The classical Monte Carlo approach is to draw M iid samples of the process to produce an estimator !̃M

t ≈ µt = E[Xt]
(hereafter, the tilde will denote the use of iid simulation). Throughout the paper, we will compare this iid approach to our 
anticorrelated approach, which produces an alternative mean estimator !M

t , constructed from identically distributed but 
non-independent sample paths. We define the iid mean-estimator !̃M

t of a discrete-time stochastic process Xt ∈ RD to be 
the sample-mean of an iid collection of M sample paths X̃ (r)

t ,

!̃M
t := 1

M

M∑

r=1

X̃ (r)
t . (1)

It is well established [3] that this is an unbiased mean-estimator that achieves the minimum variance possible using iid 
samples. To reduce the MSE of estimators constructed from system samples, we must reduce estimator variance. Indeed, 
these two quantities nearly coincide, as MSE can be expressed as a scaled trace of the variance matrix. Specifically,

MSE(!̃M
t ) = E[∥!̃M

t − µt∥2
2]

= tr Var(!̃M
t ) = 1

M
tr Var(Xt). (2)

Of course, the MSE is reduced as the number of samples M increases, but more stochastic simulation can come at a 
significant computational cost. Consider, however, our alternative ensemble X (r)

t ∼ Xt for r ∈ {1, . . . , M} such that the sample 
paths are mutually correlated while still identically distributed. In this case, we may reduce the variance of the estimator 
!M

t by ensuring that samples that compose it are negatively correlated. Analytically, the variance of our proposed mean 
estimator,

!M
t := 1

M

M∑

r=1

X (r)
t , (3)

can be expressed as
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MSE(!M
t ) = 1

M
tr Var(Xt) + 1

M2

∑

r≠p

tr Cov(X (r)
t , X (p)

t ) (4)

= MSE(!̃M
t ) + 1

M2

∑

r≠p

tr Cov(X (r)
t , X (p)

t ). (5)

Thus if the paths {X (r)
t }M

r=1 are simulated in such a way to ensure mutual negative correlation between different samples, 
the MSE of the correlated ensemble estimator will be less than the MSE of the iid estimator. Note that, to generate any 
sufficiently accurate mean estimator, we may produce multiple iid realizations of anticorrelated collections of M paths 
{X (r)}M

r=1. However, we need only analyze estimators produced from a single collection of anticorrelated paths. In particular, 
for the purposes of antithetic mean estimation, the inclusion of additional antithetic pairs in an ensemble will reduce the 
error of mean estimates similarly to iid Monte Carlo, since pairs (X (r)

t , X (r+1)
t ) are iid in r ∈ {1, 3, 5, . . . }. This fact is proven 

in Lemma 2. The challenge, of course, is how to produce anticorrelated paths with correct marginal distributions without 
any foreknowledge of the particular parameters of a stochastic system in a large class. The key motivation for our approach 
lies in the random time-change representation of a lattice CTMC and its corresponding lattice DTMC.

2.1. Lattice discrete-time Markov chains

Consider the random time-change (or Kurtz) representation [21] of a lattice CTMC, and suppose w.l.o.g. that X(t) ∈ ZD , 
t ∈ [0, T ]. The process has I event channels, each with propensity function ai(t, X(t)), and is defined by

X(t) = x0 +
I∑

i=1

Y i

⎛

⎝
t∫

0

ai(s, X(s))ds

⎞

⎠ν i . (6)

Here, {Y i}I
i=1 are independent unit-rate Poisson processes and ν i ∈ ZD , i = 1, . . . , I , are the state jump vectors, so that 

ν i = X(t+) − X(t−) if the ith event channel experiences a transition at time t . The evolution of such a process can be studied 
alongside a corresponding a lattice discrete-time Markov chain. For fixed timestep increment τ , consider the discrete-time 
approximation Xk ≈ X(τk) for k ∈ {0, . . . , K }, where K := max{k : τk ≤ T }. Then Xk evolves via

Xk+1 = Xk +
I∑

i=1

Si
k

(
ai(τk, Xk

)
τ
)
ν i, (7)

where Si
k(λ) ∼ Pois(λ). For compactness, define λi(k, Xk) = ai

(
τk, Xk

)
τ and denote Si

k

(
λi(k, Xk)

)
by Si

k . Allowing for an 
abuse of notation, let t replace k for the discrete-time index (used as a subscript), and (7) becomes

Xt+1 = Xt +
I∑

i=1

Si
tν

i . (8)

The technique presented in this paper demonstrates how to produce unbiased, anticorrelated ensembles of this discrete-time 
system (8) with respect to its own distribution. Variance-reduced simulation of the continuous-time system (6) is possible 
by using the tau-leaping method of Gillespie [10] to produce a corresponding DTMC, but this introduces bias with respect 
to the CTMC distribution. Unbiased, variance-reduced simulation of the lattice CTMC system is the subject of future work. 
The discrete time system evolves at each timestep via a collection of independent, marginally-Poisson random variable 
draws with stochastic-valued parameters. This structure is crucial in the construction of anticorrelated path ensembles 
drawn from (8), as defined in Algorithm 1 below. Due to the discrete time approximation, there is a nonzero probability of 
transition to a state outside of the domain of the continuous time system (e.g. a negative number of particles). We handle 
this using the method of Rathinam et al. [12] in the tau-leaping context, namely by truncating the state to zero instead if it 
would transition to a negative state. For clarity, we restrict our attention to explicit tau-leaping with fixed step size, though 
extension to implicit [15] and/or adaptive [13,14] variants are of future interest.

3. Constructing antithetic sample paths for lattice DTMCs

We now define the Markov process samples used in the pathwise mean estimators. Define M iid Monte Carlo sample 
paths by

X̃ (r) iid∼ X̃, r ∈ {1, . . . , M} (9)

so that the random value of the rth sample path at time t is denoted X̃ (r)
t . Here, we explicitly construct antithetic pairs 

of stochastic paths X (1) , X (2) as our anticorrelated method of choice; for the details in constructing stratified or hybrid 
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ensembles of paths, see Maginnis et al. [6]. In each case, the analysis of variance reduction ultimately hinges on the value 
of Cov(X (r1)

t , X (r2)
t ) for r1 ≠ r2 and for t > 0.

To generate anticorrelated sample paths of the Markov chain, several adaptations of classical random variable variance 
reduction techniques [3] are necessary. Since, in general, the parameter λi,(r) of the Poisson random variable used to simulate 
the ith reaction channel of the Markov chain at time t depend on the current state X (r)

t , the Poisson variables used by 
different sample paths may have different parameters. To produce unbiased sample paths for the Markov jump process, we 
produce antithetically paired random inputs (which are Poisson when conditioned on the random state value) as shown 
in Algorithm 1. Here Fλ is the Poisson CDF with parameter λ and F −1

λ (u) := inf{q : Fλ(q) ≥ u}. Using a result shown in 
Whitt [22], this scheme is optimal for pairs of random variables with the same marginal distribution. While these marginal 
Poisson samples will not have the same parameters in general, this scheme is still a reasonable choice since the parameters 
are unknown a priori.

Algorithm 1 Constructing antithetic paths for lattice DTMC systems (8).

Initialize: X ( j)
0 ← x0

for t = 0 to T do
for i = 1 to I do

sample iid U i
t

iid∼ Unif(0, 1)

Si,(1)
t ← F −1

λi (t,X(1)
t )

(U i
t ) ∼ Pois(λi(t, X (1)

t ))

Si,(2)
t ← F −1

λi (t,X(2)
t )

(1 − U i
t ) ∼ Pois(λi(t, X (2)

t ))

end for
for r ∈ {1, 2} do

X (r)
t+1 ← X (r)

t + ∑I
i=1 Si,(r)

t ν i

end for
end for

3.1. Implementation architecture

Implementing Monte Carlo simulations of large-scale stochastic systems often requires consideration of both memory 
usage and parallelizability. While direct implementation of Algorithm 1 is sufficient for many applications, in some situations 
it might not be desirable to store multiple trajectory instances simultaneously in memory or to utilize only one processor. 
An important feature of lattice DTMC systems is that, for given system parameters and number of time steps, the number of 
uniform variates required to simulate a sample path is fixed. As a result, we may reproduce a complete sequence of uniform 
random numbers, and thus an entire trajectory, by storing or communicating the scalar state or seed of the pseudorandom 
number generator (PRNG) instead of an entire sequence of random numbers, as shown in Fig. 2. Furthermore, an antithetic 
pair of sample trajectories needn’t be computed simultaneously. A single processor may compute an antithetic pair of sample 
paths in series by storing the seed of the PRNG, avoiding the need to simultaneously store two trajectories. Furthermore, 
an antithetic pair of trajectories can easily be computed on separate processors with minimal communication overhead by 
simply passing each processor the PRNG seed corresponding to the pair.

3.2. Lattice DTMC error quantification

We define the mean square error (MSE) of an estimation method at time t to be

MSE
(
!M

t

)
= E

[∥∥∥!M
t − E[!M

t ]
∥∥∥

2

2

]
, (10)

where ∥ · ∥2 denotes the Euclidean vector norm. As shown above, this estimator error is the trace of its variance,

MSE
(
!M

t

)
= E

[∥∥∥!M
t − E[!M

t ]
∥∥∥

2

2

]
= tr Var

(
!M

t
)
. (11)

From this, we define our primary error measure, the pathwise MSE, given by

MSE
(
!M

)
= E

[∥∥∥!M − E[!M ]
∥∥∥

2
]
, (12)

where ∥ · ∥ denotes the Frobenius matrix norm. The stepwise MSE is related to the pathwise MSE by

MSE
(
!M

)
=

T∑

t=0

MSE
(
!M

t

)
. (13)
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4. Analytical results for pathwise variance reduction algorithms

We now present several analytical results about anticorrelated mean estimators. For brevity, some of the proofs are 
omitted or condensed when they are straightforward. A simple yet important first result is that the local relaxation of the 
independence assumption in the law of large numbers does not sacrifice unbiasedness or consistency of a mean estimator. 
In the sequel, X (r) denotes the rth member of a possibly correlated ensemble and {X (r), j}M

r=1 is the jth iid realization of 
a complete M-element ensemble. In other words, the sequence of identically distributed sample paths X (r), j ∼ X , for r ∈
{1, . . . , M} and j ∈ {1, . . . , N} has the property that X (r1), j1 and X (r2), j2 are independent for j1 ≠ j2 and are not necessarily 
independent for j1 = j2. Using such a sequence, we may construct a mean estimator

!N M = 1
N M

N∑

j=1

M∑

r=1

X (r), j =: 1
N

N∑

j=1

!M, j.

Lemma 1. The mean estimator !N M is unbiased with respect to the lattice DTMC distribution (8) and, for fixed M, is consistent in N.

Since such estimators are unbiased, reduction of their variance is tantamount to reduction of their MSE. For estimators 
formed from anticorrelated collections of samples as above, the number of such collections used to construct an estimator 
does not affect its performance relative to an iid estimator using the same number of samples, as shown in the following 
Lemma.

Lemma 2. For !N M constructed as above,

MSE
(
!N M

)

MSE
(
!̃N M

) = MSE
(
!M

)

MSE
(
!̃M

) .

In particular, we may analyze any antithetic mean estimator by examining only the estimator constructed from a single 
antithetic pair, {X (1), X (2)}. To quantify variance reduction of such estimators, one must first characterize the evolution of 
the covariance of correlated paths, which can evolve in time in nonlinear, recursive fashion, as shown below.

Theorem 3. If X (1), X (2) ∈ ZD × N are two realizations that satisfy (8) and are constructed using Algorithm 1, then their mutual 
covariance satisfies

Cov(X (1)
t+1, X (2)

t+1) =Cov(X (1)
t , X (2)

t )

+
I∑

i=1

ν i Cov(λi(t, X (1)
t ), X (2)

t ) +
I∑

i=1

Cov(X (1)
t ,λi(t, X (2)

t ))ν i⊤

+
I∑

i1=1

I∑

i2=1

ν i1ν i2
⊤

Cov(λi1(t, X (1)
t ),λi2(t, X (2)

t ))

+
I∑

i=1

ν iν i⊤E
[(

Si,(1)
t − λi(t, X (1)

t )
)
·
(

Si,(2)
t − λi(t, X (2)

t )
)]

. (14)

Proof. First, consider the simplified case of a single event channel. In this case, the system dynamics are given by

Xt+1 = Xt + Stν.

Draw any two anticorrelated sample paths X (1) and X (2) , simulated as above, and consider their mutual covariance which 
can be expanded using the system definition and bilinearity as

Cov(X (1)
t+1, X (2)

t+1) = Cov(X (1)
t , X (2)

t ) + ν Cov(S(1)
t , X (2)

t ) + Cov(X (1)
t , S(2)

t )ν⊤ + νν⊤ Cov(S(1)
t , S(2)

t ).

The treatment of the last term is informative for how to simplify the other terms.

Cov(S(1)
t , S(2)

t ) = E
[
(S(1)

t − E[S(1)
t ]) · (S(2)

t − E[S(2)
t ])

]

= E
[(

S(1)
t − λ(t, X (1)

t )
)
·
(

S(2)
t − λ(t, X (2)

t )
)

+
(

S(1)
t − λ(t, X (1)

t )
)
·
(
λ(t, X (2)

t ) − E[S(2)
t ]

)
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+
(

S(2)
t − λ(t, X (2)

t )
)
·
(
λ(t, X (1)

t ) − E[S(1)
t ]

)

+
(
λ(t, X (1)

t ) − E[S(1)
t ]

)
·
(
λ(t, X (2)

t ) − E[S(2)
t ]

)]

= E
[(

S(1)
t − λ(t, X (1)

t )
)
·
(

S(2)
t − λ(t, X (2)

t )
)]

+ E
[
E
[

S(1)
t − λ(t, X (1)

t )|X (1)
t , X (2)

t

](
λ(t, X (2)

t ) − E[S(2)
t ]

)]

+ E
[
E
[

S(2)
t − λ(t, X (2)

t )|X (1)
t , X (2)

t

](
λ(t, X (1)

t ) − E[S(1)
t ]

)]

+ Cov
(
λ(t, X (1)

t ),λ(t, X (2)
t )

)

= E
[(

S(1)
t − λ(t, X (1)

t )
)
·
(

S(2)
t − λ(t, X (2)

t )
)]

+ Cov
(
λ(t, X (1)

t ),λ(t, X (2)
t )

)
,

where the last equality follows since the conditional expectations in the middle two terms are zero. It is easy to see, again 
using the law of total expectation, that the first term can only be non-zero when S(1)

t and S(2)
t are associated with the same 

event channel. Indeed, suppose i1 ≠ i2. Then

E
[(

Si1,(1)
t − λi1(t, X (1)

t )
)
·
(

Si2,(2)
t − λi2(t, X (2)

t )
)]

= E
[
E
[(

Si1,(1)
t − λi1(t, X (1)

t )
)
·
(

Si2,(2)
t − λi2(t, X (2)

t )
)
|X (1)

t , X (2)
t

]]

= E
[
E
[

Si1,(1)
t − λi1(t, X (1)

t )|X (1)
t , X (2)

t

]
· E

[
Si2,(2)

t − λi2(t, X (2)
t )|X (1)

t , X (2)
t

]]

= 0.

Thus (14) follows immediately for the multi event channel case. ✷

The following result proves a useful connection between the properties of an anticorrelated Poisson variable and the 
analogous lattice DTMC constructed using Algorithm 1. First, however, we require a lemma regarding the antithetic Poisson 
sampling used in Algorithm 1.

Lemma 4. For any λ1, λ2 ∈ R+ , if S(r) ∼ Pois(λr), r ∈ {1, 2} are simulated using the antithetic sampling technique used in steps 3 
and 4 of Algorithm 1, then Cov(S(1), S(2)) ≤ 0.

The proof is omitted here, but uses a result in Whitt [22], namely that composition with non-decreasing functions cannot 
change the sign of the covariance between two random variables. Using Lemma 4, we prove a result that guarantees the 
non-positivity of the final term of (14).

Theorem 5. Suppose that X (1) , X (2) are two realizations simulated using Algorithm 1. Then, for any event channel i and for each time 
t ≥ 0,

E
[(

Si,(1)
t − λi(t, X (1)

t )
)
·
(

Si,(2)
t − λi(t, X (2)

t )
)]

≤ 0. (15)

Proof. Suppose S(1)(t, x), S(2)(t, x) ∼ Pois(λ(t, x)) are simulated using such an anticorrelated technique. Fix any x1, x2 ∈ RD , 
and, by Lemma 4,

0 ≥ Cov(S(1)(t, x1), S(2)(t, x2))

= E
[(

S(1)(t, x1) − λ(t, x1)
)
·
(

S(2)(t, x2) − λ(t, x2)
)]

.

Since this is true for any xi ∈ RD , it is necessarily true that

0 ≥ E
[(

Si,(1)
t − λi(t, X (1)

t )
)
·
(

Si,(2)
r2,t − λi(t, X (2)

t )
)
|X (1)

t , X (2)
t

]
, (16)

almost surely, since this is exactly the same integral (in U ) for given X (1)
t , X (2)

t random. Taking expectation of both sides, 
we get (15). ✷

We remark here that, as noted above, anticorrelated sampling schemes other than antithetic sampling may be used in 
the framework of Algorithm 1, such as stratified or hybrid antithetic/stratified sampling [6]. To prove a result equivalent 
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to Theorem 5 for these methods, we need only prove a corresponding version of Lemma 4 for any X (r1) , X (r2) for r1, r2 ∈
{1, . . . , M}.

The following corollary refines the previous results when more is required of the intensity functions λi(t, Xt) beyond 
nonnegativity, namely that they be affine in the state Xt . The first condition can be used to greatly simplify (14).

Corollary 1. Suppose that

λi(t, Xt) =
(

ai(t) + κ i⊤ Xt

)
τ . (17)

If the conditions of Theorem 3 are satisfied, then the following recursion is satisfied

Cov(X (1)
t+1, X (2)

t+1) = Cov(X (1)
t , X (2)

t )

+
I∑

i=1

τν iκ i⊤ Cov(X (1)
t , X (2)

t ) +
I∑

i=1

τ Cov(X (1)
t , X (2)

t )κ iν i⊤

+
I∑

i1=1

I∑

i2=1

τ 2ν i1κ i1
⊤

Cov(X (1)
t , X (2)

t )κ i2ν i2
⊤

+
I∑

i=1

ν iν i⊤E
[(

Si,(1)
t − λi(t, X (1)

t )
)
·
(

Si,(2)
t − λi(t, X (2)

t )
)]

. (18)

This expression can be more compactly written as

Cov(X (1)
t+1, X (2)

t+1) = L(Cov(X (1)
t , X (2)

t )) +
I∑

i=1

ci
tν

iν i⊤,

where L is a time invariant linear operator on the space of symmetric matrices and

ci
t := E

[(
Si,(1)

t − λi(t, X (1)
t )

)
·
(

Si,(2)
t − λi(t, X (2)

t )
)]

, t ∈ {1, . . . , T }
are sequences of reals that depend on x0 and {λi}I

i=1 . If, in addition, the conditions of Theorem 5 are satisfied, then ci
t ≤ 0 for every i

and t.

In the affine rates case, we can derive a sufficient, testable condition for ensemble variance reduction of our algorithm. 
First, we require an algebraic proposition regarding matrix invariance in a half-space. Consider the set S D of D × D sym-
metric matrices as a vector space together with the field R and the Frobenius inner product ⟨A, B⟩ := tr AB⊤ . Define the 
half-space H− := {A ∈ S D : ⟨A, I D⟩ ≤ 0}. Define the cone R := {∑I

i=1 ciν iν i⊤ : ci ≤ 0 for each i} ⊂ H− , and consider the 
following sufficient condition.

Proposition 1. Suppose

(i) the sequence At ∈ S D evolves according to

At+1 = L(At) +
I∑

i=1

ci
tν

iν i⊤, (19)

where L, ci
t and ν i are all defined as in Corollary 1, and A0 = 0;

(ii) that for any R ∈ R and for every t ≥ 1, Lt(R) ∈ H− .

Then At ∈ H− for every t ≥ 0.

Proof. Define Rt := ∑I
i=1 ci

tν
iν i⊤ . Then, for each t ≥ 0, Rt ∈ R. For each t ≥ 1, a solution to (18) is given by

At :=
t−1∑

ℓ=0

Lt−ℓ−1(Rℓ). (20)

Since Lt−ℓ−1(Rℓ) ∈ H− and since the half-space H− is closed under addition, At ∈ H− for every t ≥ 0. ✷
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The final corollary shows that the above conditions are sufficient to prove the dominance of the antithetic estimator !M

over the iid estimator !̃M in this affine rates setting.

Corollary 2. Suppose that X (r) satisfy the conditions of Corollary 1, that L satisfies the conditions of Proposition 1, and that 
Cov(X (1)

0 , X (2)
0 ) = 0. Then

MSE(!M) ≤ MSE(!̃M). (21)

Proof. It is easy to see that tr Cov(!M
t ) ≤ tr Cov(!̃M

t ) for each t ≥ 0 if tr Cov(X (r1)
t , X (r2)

t ) ≤ 0 for each r1 ≠ r2 ∈ {1, . . . , M}
and t ≥ 0. Since the evolution equation (18) of Cov(X (1)

t , X (2)
t ) is identical to (19), we have by Proposition 1 that 

Cov(X (1)
t , X (2)

t ) ∈ H− for every t ≥ 0. That is, tr Cov(X (r1)
t , X (r2)

t ) ≤ 0 for every t ≥ 0. Thus tr Cov(!M
t ) ≤ tr Cov(!̃M

t ) for 
each t ≥ 0, and the claim holds by (5). ✷

5. Numerical results for lattice DTMC samplers

We now introduce three example stochastic systems for numerical study of Algorithm 1, that simultaneously illustrate 
the above analytical results and provide further intuition for its efficacy in more general cases. These systems are drawn from 
the literature and have been specifically chosen to exhibit increasingly complex rate functions. The first is a simple model 
of gene expression which appears in Briat and Khammash [9], modeling the production and decay of mRNA and protein 
molecules. This system has rate functions which are affine in the state variables, and thus corresponds to Corollary 1, and we 
prove that it satisfies the sufficient conditions of Corollary 2. The second system is a simplified model of coagulation of water 
molecules via gravitational settling. As presented in Seinfeld and Pandis [23], the system is composed of two sizes of water 
molecules, large and small, where coagulations within sizes are rare but between sizes are frequent and are specified by a 
nonlinear propensity function. Finally, we present a seven-dimensional model of HIV infection with 19 reaction channels and 
nonlinear rate functions, as found in Banks et al. [24]. The latter two systems are chosen because their complexity extends 
beyond the scope of our analytical results. While we cannot yet provide analytical guarantees of improved performance 
using anticorrelated simulation for such models, the numerical results do demonstrate significant computational savings 
for each system. Thus, we provide promising evidence of the wider applicability of variance-reduced tau-leaping. First, we 
briefly introduce each of the three systems in Subsections 5.1, 5.2 and 5.3, then we study the performance of Algorithm 1
in all three settings via a parametric study of the scale of each system in Subsection 5.4.

5.1. Affine gene expression system

Consider a simple gene expression system, where mRNA is produced and decays, and it produces a protein which also 
decays. This simple model is quite commonly studied, the specific formulation and parameter values appear here as in Briat 
and Khammash [9], and are taken to be unitless. That is,

∅ kr→ mRNA

mRNA
γr→ ∅

mRNA
kp→ protein + mRNA

protein
γp→ ∅.

Define the state of the system to be number of mRNA and protein particles, respectively, as a vector X ∈ Z2, with initial 
condition X0 = V · [1.0 0.5]⊤ (where V is a system volume scaling parameter) with I = 4 reaction channels, given by:

ν1 = [1 0]⊤ a1(Xt) = kr V

ν2 = [−1 0]⊤ a2(Xt) = γr Xt,1

ν3 = [0 1]⊤ a3(Xt) = kp Xt,1

ν4 = [0 − 1]⊤ a4(Xt) = γp Xt,2,

for kr, γr, kp, γp > 0, and where Xt,d denotes the dth component of the state vector at time t . The corresponding discrete 
time approximation is simulated using the tau-leaping approximation (7) with τ = 1 (i.e. λi = ai ) and run from time t = 0
to time t = T = 100. A pair of antithetic sample trajectories are shown in Fig. 3. Our primary interest is the normalized 
estimator MSE for the gene expression estimator, shown in Fig. 5; this shows the degree of MSE reduction of antithetic 
simulation compared to iid simulation over a large range of system scales. This behavior will be discussed in detail in 5.4. As 
mentioned above, the number of antithetic pairs used in the variance reduced mean estimator is irrelevant for comparison 
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Fig. 3. Antithetic pair of sample path trajectories of the gene expression system using timestep τ = 1 and rate parameters (kr , γr , kp, γp) =
(0.01, 0.03, 0.06, 0.0066) and initial condition X0 = [100 50]⊤ (i.e. volume parameter V = 100) plotted versus time.

to iid estimators using an equal number of sample paths, since both decay at the same rate as proven in Lemma 2, so we 
consider mean estimators composed of a pair of antithetic paths.

Note that this system satisfies the conditions of Corollary 1 and Proposition 1. Indeed, the rate functions are affine in the 
state variables, and, with respect to (17),

κ1 = [0 0]⊤

κ2 = [γr 0]⊤

κ3 = [kp 0]⊤

κ4 = [0 γp]⊤.

It is easy to verify then that, if we vectorize the 2 × 2 covariance matrix objects as vectors in R4, then we may identify the 
linear operator L with left multiplication by a matrix L ∈ R4×4 given by

L =

⎛

⎜⎜⎝

(1 − γrτ )2 0 0 0
kpτ (1 − γrτ ) (1 − γrτ )(1 − γpτ ) 0 0
kpτ (1 − γrτ ) 0 (1 − γrτ )(1 − γpτ ) 0

k2
pτ

2 kpτ (1 − γpτ ) kpτ (1 − γpτ ) (1 − γpτ )2

⎞

⎟⎟⎠ ,

a lower triangular matrix. Furthermore, the negative cone R can be identified with the set

{(c1, 0, 0, c2)⊤ : c1, c2 ≤ 0} ⊂ R4, (22)

so for any R ∈ R, and for any t ≥ 1, Lt(R) can be identified with Lt vec(R), which, if γrτ ≤ 1 and γpτ ≤ 1, is the product of 
a lower triangular matrix with non-negative entries and the standard vectorization of an element of R. Therefore, the first 
and fourth components of the product will have the form

(
Lt vec(R)

)
1 =

(
Lt)

1,1c1 ≤ 0
(
Lt vec(R)

)
4 =

(
Lt)

4,1c1 +
(
Lt)

4,4c2 ≤ 0

for every t ≥ 1, where subscripts are used here to denote vector and matrix components. So Lt(R) ∈ H− for every t ≥ 1, 
and thus tr Cov(X (1)

t , X (2)
t ) ≤ 0 for every t ≥ 0, as long as γrτ , γpτ ≤ 1. Thus the antithetic mean estimator is a dominant 

mean estimator for the lattice DTMC distribution.
Because the propensity functions in this example are affine with respect to the state, the exact mean evolution of the 

corresponding continuous-time system is obtainable. Following the approach used in Engblom [25], the mean evolution of 
the lattice CTMC corresponding to the affine gene expression system is given by the solution to:

ṁ(t) = ν Am(t) + νB, m(0) = X0 (23)
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Fig. 4. Mean trajectory of the lattice CTMC gene expression system obtained by directly solving the master equation and the mean trajectory of the lattice 
DTMC system (with timestep τ = 1) obtained using Monte Carlo simulation plotted versus time. Both systems used parameters parameters (kr, γr , kp, γp) =
(0.01, 0.03, 0.06, 0.0066) and initial condition X0 = [100 50]⊤ (i.e. volume parameter V = 100).

Fig. 5. Normalized pathwise MSE(!M )M/V of an M = 4 sample estimator of the mean E[Xt ] of the gene expression system using the iid and antithetic 
sampling techniques plotted versus volume scale V , for timestep τ = 1 s, rate parameters (kr, γr , kp, γp) = (0.01, 0.03, 0.06, 0.0066), initial condition 
X0 = [V V /2]⊤ and timesteps from t = 0 to t = 100. Pathwise MSE calculated from 106 sample paths, error bars omitted.

where m(t) := E[X(t)], ν = [ν1 ν2 ν3 ν4] ∈ R2×4, and, using the propensities defined above, a(Xt) := [ai(Xt)]4
i=1 = A Xt + B

for A ∈ R4×2 and B ∈ R4×1. The solution of the above ordinary differential equation is

m(t) = eν Atm(0) +
t∫

0

eν A(t−τ )νB dτ ,

and it is plotted together with the mean of the discrete-time version obtained via Monte Carlo simulation in Fig. 4. Our 
antithetic mean estimates are unbiased with respect to the discrete-time distribution, which, in turn, is biased with respect 
to the continuous-time distribution due to the tau-leaping approximation, though this bias is small for the values of τ and 
V shown in the plot.

5.2. Nonlinear coagulation via gravitational settling

Following the treatment in Seinfeld and Pandis [23], Chapter 13, consider a system of water particles falling in the 
atmosphere under the influence of gravity. The system falls in a control volume and is made up of two classes of particles: 
large and small. The system evolves via the coagulation of a large particle and a small particle (the coagulation rate is 
driven by differences in terminal settling velocity, so particles of similar size are unlikely to coagulate) or by the emission of 
new small particles into the volume V . We may specify the state of the system as (Ns, Ms, Nl, Ml), or the number of small 
particles, total mass of small particles, the number of large particles, and the total mass of the large particles, respectively. 
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Fig. 6. Antithetically paired sample trajectories for the nonlinear coagulation system with small particle mass m = 1, proportionality constant α = 5 · 10−4

into a control volume with V = 1, using timestep τ = 0.1 s, and timesteps from t = 0 to T = 100.

The probability rate at which a single small particle coagulates with a single large particle in volume V is given by (13.A.4) 
in Seinfeld and Pandis [23]:

K GS
sl = π

4
1
V

(Dl + Ds)
2|vl − vs|

where Ds and Dl are the diameters of the small and large particles, respectively, and vs and vl are the terminal settling 
velocities of the small and large particles, respectively. For simplicity, we take the collision efficiency to be 1. By Stokes’ 
Law,

vs = 1
18

(ρp − ρ f )

µ
g Ds

2,

where ρp is the density of the particle, ρ f is the density of the fluid, µ is the viscosity of the fluid, and g is the acceleration 
due to gravity. A similar equation holds for the terminal settling velocity vl of the large particles. For simplicity, we consider 
the case where the number of large particles, Nl scales directly with the volume V and where the mass of each small 
particle is uniformly fixed as m. The state of the system then becomes (Ns, mNs, V , Ml), and we need only track the smaller 
state X = (Ns, Ml). Simplifying the master equation (13.81) in Seinfeld and Pandis [23], and using the fact that Ds ∝ 3

√
m

and Dl ∝ 3
√

Ml
Nl

, we can specify the reaction channels of this system by:

ν1 = [m 0]⊤ a1(Xt) = V

ν2 = [−m m]⊤ a2(Xt) = αK GS
sl V Xt,1

where α is a proportionality constant and, for simplicity

K GS
sl = 1

V

(
3
√

Xt,2/V + 3
√

m
)3 (

3
√

Xt,2/V − 3
√

m
)

.

The state is initialized from X0 = V · [100, 10] and a corresponding lattice DTMC system is obtained via the tau-leaping 
approximation (7) for τ = 0.1 s, and is simulated for 10 s from timestep t = 0 to timestep T = 100. We take α = 5 · 10−4

and for simplicity we take m = 1 so that the state Xt ∈ Z2. Concentration sample trajectories are shown in Fig. 6. The 
estimator MSE of the coagulation system plotted versus the system scale parameter V shown in Fig. 7. This behavior will 
be discussed in 5.4.

5.3. Nonlinear HIV infection system

Following Banks et al. [24], consider a model for HIV infection with state X ∈ R7 representing concentrations of unin-
fected and infected activated CD4+ T-cells (Xt,1 and Xt,2, respectively), uninfected and infected resting CD4+ T-cells (Xt,3
and Xt,4, respectively), infectious free virus (Xt,5), and HIV-specific effector and memory CD8+ T-cells (Xt,6 and Xt,7, respec-
tively). The state is initialized from X0 = V · [5 1 1400 1 10 5 1]⊤ with I = 19 reaction channels with nonlinear rates [24], 
save that we maintain the scaling parameter V , the volume of the system. This system is discretized with the tau-leaping 
approximation (7) with τ = 0.005 days and simulated from timestep t = 0 to timestep t = T = 10 000. Sample trajectories 
are shown in Fig. 8 and normalized estimator MSE is shown in Fig. 9.
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Fig. 7. Normalized pathwise MSE(!M )M/V of an M = 4 sample mean estimator for the nonlinear coagulation system versus source area from V = 100 to 
V = 104. Computation of pathwise MSE from 106 simulations, where each simulation uses timestep τ = 0.1 s, and timesteps from t = 0 to t = 100. Error 
bars are small and are thus omitted.

Fig. 8. Antithetic pair of sample trajectories of cell concentration for the HIV infection system for volume V = 10 µL, timestep τ = 0.005 days, and timesteps 
from t = 0 to t = 10 000 plotted versus time. All other parameter values taken from Banks et al. [24].

Fig. 9. Normalized pathwise MSE(!M )M/V of an M = 4 sample mean estimator for the expected path E[Xt] of the HIV infection system plotted versus 
system volume V from 1 µL to 10 000 µL. Simulations use a timestep τ = 0.005 days, and timestep from t = 0 to t = 10 000. All other parameter values 
taken from Banks et al. [24]. Pathwise MSE computed using 104 estimator samples, error bars omitted.
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5.4. Parameter variations

Figs. 5, 7 and 9 illustrate the dependence of estimator error on a parameter that governs the number of particles of each 
system. Each figure plots a pathwise estimator’s MSE divided by a scaling parameter V that governs the “volume” (number 
of computational “particles” in a typical simulation), versus the same scaling parameter. This parameter controls the “speed” 
of the system, i.e., the number of reactions that occur at each timestep; equivalently it governs the typical mean Poisson 
parameter sampled at each timestep. Each mean estimator is constructed using M = 4 samples, either 4 iid samples or 2 
antithetic pairs to ensure a fair comparison. It is easy to see that using this normalization removes from consideration any 
reduction of MSE gained by generating more iid samples or pairs of samples for sufficiently large-scale systems, and thus 
there is no need to draw any more samples than a small M for comparison.

The volume scale V is roughly proportional to the typical Poisson parameter used to generate random samples, though 
in nonlinear cases such as the HIV system, this relationship will also tend to be nonlinear, as we observe quite clearly 
for the small volume region of Fig. 9. Since the variance of a mean estimator scales with the variance of an individual 
sample path, the cost of iid Monte Carlo increases roughly linearly for large V without bound (or remains constant if 
simulations are normalized as concentrations). So increasing V corresponds to both increased resolution of simulations as 
well as increased cost. However, as V becomes large and reactions occur more frequently, we expect greater relative gains 
in MSE for antithetic sampling by analogy to the Poisson variable case [26]. Indeed, we observe antithetic MSE that is nearly 
constant even for large V (or, in the particle concentration (normalized) setting, linearly inversely proportional to V ), as 
opposed to linear growth for the iid estimator (or constant behavior when normalized). Thus when many jumps are typically 
observed in each timestep, the gains produced via antithetic simulation are most dramatic. It is worth noting that this is 
precisely the same operating regime that maximizes the desirability of tau-leaping over exact continuous-time simulation, 
via say SSA [10].

Figs. 5, 7 and 9, each show that the antithetic mean estimator has equal or lower MSE than the iid mean estimator for 
all observed values of V . Note that the affine gene expression estimator satisfies the sufficient conditions of Corollary 2
as shown above, and thus provably dominates the iid Monte Carlo mean estimator. In this case, we also know that a 
study of any other parameter and range will show that MSE is lower for the antithetic estimator. However, the nonlinear 
coagulation and HIV infection estimators also produce greatly reduced MSE over observed values of V , despite having 
nonlinear state-dependent propensity functions which make potential proof of dominance more difficult. These numerical 
results show that the affine conditions, while sufficient, are certainly not necessary to produce non-increased pathwise MSE 
over at least this parameter range. Thus we posit that these variance reduction techniques can be effective in a much larger 
class of models, even if analytical proof is not yet available.

6. Conclusions

We proposed Algorithm 1, an antithetic simulation technique for lattice-valued discrete-time Markov chain processes for 
variance-reduced Monte Carlo mean estimation. Via manipulation of uniform process inputs to the lattice DTMC simulation, 
we showed how to produce antithetically paired, identically distributed simulation paths with little additional computa-
tional effort and little alteration of code. Analytically, we studied the evolution of these covariances over time, and proved 
the dominance of our estimators in certain affine rates cases. Further, we implemented these techniques in three different 
computational models found in the literature, and demonstrated multiple orders of magnitude reduction in MSE over a wide 
range of scaling parameters. In light of these results, the main contribution of this paper is that, as constructed here for a 
very broad class of models, antithetic simulation is a low cost, easily implementable variance reduction strategy for mean 
estimation of stochastic paths, that can produce dramatic computational speed up. Additionally, we proved analytical guar-
antees in some important classes; a future challenge is broadening these results and extending them to other anticorrelated 
techniques such as stratification which may enjoy different performance characteristics.
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