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ABSTRACT
The Toyota Powertrain Control Verification Benchmark has
been recently proposed as challenge problems that capture
features of realistic automotive designs. In this paper we sta-
tistically verify the most complicated of the powertrain con-
trol models proposed, that includes features like delayed dif-
ferential and difference equations, look-up tables, and highly
non-linear dynamics, by simulating the C++ code generated
from the SimulinkTM model of the design. Our results show
that for at least 98% of the possible initial operating condi-
tions the desired properties hold. These are the first verifi-
cation results for this model, statistical or otherwise.

1. INTRODUCTION
The powertrain control problem is one of regulating the

air-to-fuel ratio in a automotive engine. A series of models of
such controllers, with increasing levels of sophistication and
fidelity to real-world designs, have been recently proposed
by Toyota researchers [6] as challenge problems for today’s
verification technologies. Ever since these models were pro-
posed 2 years back, they have served as a high water mark
for evaluating verification tools and techniques for cyber-
physical systems. When the models were first proposed [6],
the authors used the tool S-Taliro [1] to search for counter-
examples in each of the controller models. While the search
for counter-examples was unsuccessful, this analysis did not
establish any formal statements of correctness for the de-
signs. This is because S-Taliro is a falsification tool rather
than a verification tool. Last year [4], the first (and to date,
only) proof of correctness for one of the designs was estab-
lished. Duggirala et. al. [4] used the tool C2E2 to prove the

Permission to make digital or hard copies of all or part of this work for personal or
classroom use is granted without fee provided that copies are not made or distributed
for profit or commercial advantage and that copies bear this notice and the full cita-
tion on the first page. Copyrights for components of this work owned by others than
ACM must be honored. Abstracting with credit is permitted. To copy otherwise, or re-
publish, to post on servers or to redistribute to lists, requires prior specific permission
and/or a fee. Request permissions from permissions@acm.org.

HSCC’17, April 18-20, 2017, Pittsburgh, PA, USA
c© 2017 ACM. ISBN 978-1-4503-4590-3/17/04. . . $15.00

DOI: http://dx.doi.org/10.1145/3049797.3049804

correctness of Model 3, the simplest of the 3 models pro-
posed by Toyota researchers. While Model 3 is a challenging
non-linear hybrid system model, it is nonetheless extremely
simple when compared with the most realistic Toyota model.
All dynamics in Model 3 are described by polynomial differ-
ential equations.

In this paper we present our results in verifying the most
complicated of the models proposed in [6] (Model 1, Section
3.1) that has features like delayed differential and difference
equations, look-up tables, in addition to highly non-linear
continuous dynamics for the state variables. Like S-Taliro
and C2E2, our verification approach is also simulation-based,
where the SimulinkTM model (or, in our case, the C++ code
generated from the SimulinkTM model) provided by the au-
thors of [6] is executed to generate traces which are then
analyzed. However, unlike previous approaches, in this pa-
per, we use statistical model checking [8, 13] to analyze the
traces.

Statistical model checking is an approach to check if a
stochastic model satisfies certain quantitative properties. One
example of a very simple quantitative property is that “75%
of all system executions are safe”. To check such a require-
ment, statistical model checking would probabilistic sample
executions of the system, and see if the generated sample
provides sufficient statistical evidence that 75% of the exe-
cution are indeed safe; this is determined based on the size
of the sample, the evidence of the sample, and using sta-
tistical tests like Chernoff bounds or sequential probability
ratio test. Since statistical model checking is a randomized
algorithm, it can have both false positive and false nega-
tive errors. These are usually characterized by the Type I
and Type II errors of hypothesis testing, and can be made as
small as desired by increasing the number of samples drawn.

The power train control model (Model 1 in [6]) is not
stochastic. In fact, if we fix the values of the input parame-
ters, namely, engine speed and throttle angle signal profile,
the model is completely deterministic. So how can we justify
the use of statistical model checking which works only for
stochastic models? The goal of verification is to show that
for every setting of the input parameters, the execution of
the controller satisfies the correctness requirements specified
as Signal Temporal Logic (STL) properties given in [6]. In
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this paper, our goal is to establish a weaker statement about
correctness. Instead of proving that executions for every set-
ting of initial parameters are correct, we aim to show that
the system behaves correctly for most settings of the initial
parameters. If the values of initial parameters are set uni-
formly at random from the input space, then we could view
the powertrain controller as a stochastic model (where the
only stochastic step is the choice of initial parameter val-
ues), and statistical model checking would indeed provide
the relaxed correctness goals we are aiming for. Our experi-
mental results show that Model 1 is correct for at least 98%
of the settings for the input parameters; our probability of
false positive and false negative errors were bounded to be
at most 0.01.

While the statistical techniques we use to bound sample
sizes are standard, we need a couple of ideas to enable check-
ing whether a single sample execution satisfies the prescribed
STL property. Mathematically, an execution of the power-
train controller is a function that specifies for each time in-
stant, the state of the system. Clearly, such a “continuous”
function cannot be sampled/simulated. Instead, what the
simulation can generate, and what we can hope to analyze,
is the sequence of system states sampled at discrete time
points. But can analyzing the execution sampled at discrete
time points determine the correctness of the actual, contin-
uous execution? This is a standard problem that confronts
all simulation-based verification methods for cyber-physical
systems. We use ideas similar to those outlined in [5] to come
up with a list of conditions on how finely the execution must
be sampled (based on the correctness property) and an ap-
proximate satisfaction relation that together guarantee that
if the discretely sampled execution satisfies an STL property
then so does the actual, continuous execution. However, for
such a property preservation result to go through, one needs
to know the Lipschitz constant for the functions used to
define the basic atomic propositions of the STL properties,
over the set of reachable states of the systems. Determin-
ing such a Lipschitz bound for the powertrain controller is
not easy because of its complicated dynamics. We over-
come this through an innovative technique. The sampling
algorithm starts with some value for the Lipschitz constant
(which maybe wrong). We add a monitor to the SimulinkTM

model that continuously checks the derivative of the function
whose Lipschitz bound we need, raising an“alarm”when this
exceeds the guessed bound. When an execution generated
by the SimulinkTM model + monitor has no alarms, then the
sample execution can be checked against the STL property
because the Lipschitz bound holds for this execution, and if
an alarm is raised then we need to abandon the execution,
change the Lipschitz bound in the monitor, and resimulate.

The rest of the paper is organized as follows. In Section 2,
we introduce the basic mathematical notation we use, and an
introduction to statistical model checking; we assume that
the reader is comfortable with the model hybrid automata,
but for completeness it is defined in the Appendix. Section 3
describes in detail Model 1 of [6] that we analyze statisti-
cally. Our approach to verifying the model is described in
Section 4. Our experimental results are in Section 5. Finally,
we present our conclusions in Section 6.

2. PRELIMINARIES
The sets of natural, real, non-negative real, and positive

real numbers are represented by N, R, R≥0, and R+, respec-

tively. For an element x and a set A, we use x : A to denote
that x is “of type” A or x ∈ A. For any two sets A and B,
the set of functions from B to A is represented by AB . In
order to make the notations simpler, we denote A{0,1,...,n−1}

by An. Furthermore, the set of subsets of A is represented
by 2A. A×B is the Cartesian product of A and B. For any
function f : A −→ B and a set C, by f �C we mean a function
from A ∩ C to B that maps a to f(a). Also, by range(f)
we mean {b : B | ∃a : A • b = f(a)}. For any two metric
spaces (M1, ρ1) and (M2, ρ2), and a function f : M1 −→M2,
function f is called Lipschitz continuous if there is a con-
stant c : R such that ∀ε : R+ • x, y : M1 • ρ1(x, y) < ε ⇒
ρ2(f(x), f(y)) < cε. For any two sets A,B ⊆ R we define
A + B to be {x + y | x ∈ A ∧ y ∈ B}. Finally, I is the set
of non-empty intervals over R≥0, and for any I : I, infimum
(supremum) of I is denoted by inf I (sup I).

2.1 Signal Temporal Logic
Signal Temporal Logic (STL) is used to specify predicates

over real-time signal. The most basic ingredient of STL is
its atomic propositions. Each atomic proposition is a pred-
icate over valuation of the state variables expressed as an
inequality. Let f : RX −→ R be any Lipschitz continuous
real valued function. An atomic proposition is then of the
form f > 0. Syntax of a STL formula φ is defined using the
following BNF grammar:

φ := > | f > 0 | ¬φ | φ ∨ φ | φUIφ

For a STL formula φ, duration T : R≥0, a signal τ :
[0, T ] −→ RX, and a time t : [0, T ], satisfaction of φ by τ
at time t is shown by (τ, t) |= φ are defined using the fol-
lowing inductive rules. If t > T then (τ, t) |= φ is undefined.
Otherwise,

(τ, t) |= >
(τ, t) |= f > 0 iff f(τ(t)) > 0
(τ, t) |= ¬φ iff (τ, t) 6|= φ
(τ, t) |= φ ∨ ψ iff (τ, t) |= φ or (τ, t) |= ψ
(τ, t) |= φUIψ iff ∃r : I • (τ, t+ r) |= ψ ∧

∀r′ : [0, r) • (τ, t+ r′) |= φ

Other connectives can be defined as well. ⊥ := ¬>, φ ∧
ψ := ¬(¬φ ∨ ¬ψ), φRIψ := ¬(¬φUI¬ψ), ♦Iφ := >UIφ, and
�Iφ := ¬(♦I¬φ). Intuitively, φUIψ means there is a time
in I such that ψ is true at that time and φ is true up until
that time. φRIψ means that ψ should always be true during
the time interval I, a requirement which is released when φ
becomes true. ♦Iφ means there is a time in I such that φ
is true at that time. �Iφ means φ is always true during I.
Finally, τ |= φ is defined as (τ, 0) |= φ. Note that since we
want to do statistical model checking, we won’t be able to
distinguish f > 0 from f ≥ 0. Therefore, we only consider
the strict form of inequality. Furthermore, having negation
(¬), disjunction (∨) and conjunction (∧), among the set of
STL operators, we know f ≤ 0, f < 0, f ≥ 0, f = 0, and
f 6= 0 can be defined using ¬(f > 0), −f > 0, ¬(f < 0),
(f ≥ 0) ∧ (f ≤ 0), and (f > 0) ∨ (f < 0). Note that with
the help of ⊥, ∧, and R operators, one can always push the
negations to the front of atomic formulas and have a formula
in negated normal form.

2.2 Sampling Based Algorithms
Statistical model checking [13] is a technique to verify

stochastic systems against quantitative properties expressed
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in a temporal logic. The approach draws sample trajecto-
ries from the model by discrete-event simulations, and uses
hypothesis testing to infer whether the samples provide sta-
tistical evidence for the satisfaction or violation of the spec-
ification. The crux of this approach is that sample runs of
a stochastic system are drawn according to the distribution
defined by the system, and hence can be used to get esti-
mates of the probability measure of executions.

In this paper, the properties we need to check are very
simple quantitative properties and so here we outline the
broad ideas behind checking such properties. Suppose the
actual probability that executions of a system satisfy a STL
property φ is θ′. Let H0 be θ′ < 1 and H1 be θ′ ≥ θ for any
value θ : (0, 1). Our goal is to determine which of the two
hypotheses is true (with a small error probability); that is,
the probability of saying H0 (similarly H1) is true while it
is false should be small. Now every time we sample an exe-
cution, with probability θ′ the execution will satisfy φ, and
this can be thought of as a Bernoulli variable. Therefore, in
n samples the number of executions satisfying φ is expected
to be nθ′. Though we don’t know what θ′ is, the fraction
of executions satisfying φ is statistically a good estimate for
θ′, especially if the number of samples is large. This is the
basis of statistical model checking algorithm. If θ and θ′ are
equal to each other then no matter how large of a sample
we take, statistically we will not be able to decide whether
θ′ ≥ θ is true or not. Therefore, statistical tests work only
when θ′ is δ-away from θ for some arbitrarily small δ : R+.
Under this condition, several algorithms have been proposed
using either Chernoff bounds, or sequential probability ratio
test [8,11,12] that determine how many samples need to be
drawn in order to ensure that the likelihood of our making
a mistake is small. Taking S to be a Bernoulli random vari-
able with mean θ′, a typical algorithm Aδ(S, t, α, β, γ) takes
the indifference parameter δ, and error bounds α, β, and γ
as parameters and outputs either H1, H0, or unknown. The
answer unknown is returned when |θ − θ′| ≤ δ. The algo-
rithm is such that parameters δ, α, β, and γ can be made
arbitrary small at the cost of more samples. It guarantees
the following.

P[result =H0 | H0 is false] ≤ α (1)

P[result =H1 | H1 is false] ≤ β (2)

P[result =unknown | |θ − θ′| > δ] ≤ γ (3)

Formula 1 (respectively Formula 2) guarantees that the
probability of returning a wrong hypothesis is bounded by
α (and β). Formula 3 guarantees that the probability of
returning unknown when θ is δ-away from θ′ is bounded by
γ. Notice that α, β, and γ are parameters and can be made
as small as desired; the number of samples needed will grow
proportionally. Second, the algorithm requires δ as a pa-
rameter as well, and this might seem difficult to obtain.
However, observe that even if δ is given incorrectly (i.e.,
|θ − θ′| < δ) the answers of the algorithm are not incorrect;
it is just more likely to return unknown. In Section 4 we show
that in the case of specific H0 and H1 defined here, we can
set indifference and some of the error probabilities to zero
while still guaranteeing conditions 1 through 3.

3. POWERTRAIN CONTROL PROBLEM
The goal of the powertrain control system is to maintain

the air-fuel ratio at a desired value for optimal function of

State Unit Description
p bar Intake Manifold Pressure
λc - A/F Ratio in Cylinder
λm - Transfer Function Output
pe bar Estimated Manifold Pressure
i - Integrator State, PI

ṁaf g/s Inlet Air Mass Flow Rate
ṁc g/s Air Flow Rate to Cylinder
ṁφ g/s Fuel Mass Aspirated into the Cylinder
ṁψ g/s Fuel Mass Injected into Intake Manifold
θin degrees Throttle Angle Input
θ degrees Delay-Filtered Throttle Angle

θ̂ - O/P of Throttle Polynomial
Fc g/s Command fuel
ω rad/sec Engine Speed
n round/sec Engine Speed ( ω

2π
)

Table 1: States and Indeterminate Variables

text

text

text text

startup
ṫ = 1
ẋc = 0 

normal
ṫ = 1
ẋc = 0 

power
ṫ = 1
ẋc = 0 

sensor-fail
ṫ = 1
ẋc = 0 

                   fail event

                θ 50°

θ 70°             

t=tI 

t = h
t := 0
xc := Ri(xc)

t = h
t := 0
xc := Ro(xc)

t = h
t := 0
xc := Ro(xc)

t = h
t := 0
xc := Rc(xc)

Figure 1: Hybrid automaton Ac Modeling the Controller Part of the
Powertrain System

the internal combustion engine under different driving be-
haviors and conditions. It is modeled in SimulinkTM. Intu-
itively, the model takes input from a driver (input throttle
angle θin) and from the environment (engine speed ω and
failed event) and controls the behavior of the engine. It is a
non-linear hybrid model with 4 control modes and around 15
state and intermediate variables defined as parallel composi-
tion of two hybrid i/o automaton (HIOA): a controller (Ac)
and a plant (Ap). [6] introduced 3 different models of this
controller, with increasing fidelity to the real world. In this
paper, we analyzed the most complicated model. Dynamics
of both controller and plant are non-linear. Furthermore,
plant’s dynamics are highly non-linear and involve delayed
differential equation. Table 1 briefly describes different vari-
ables used in the specification of the system.

The hybrid automaton A = Ac||Ap has two inputs: 1. the
engine speed (ω) which is a constant value in [900, 1100].
2. the throttle angle (θin) signal profile, which is the set
of pulse train signals (with pulse width equal to half the
period). In this work, we verify the model when the period
(ζ) is in [10, 30] and amplitude (a) is in [8.8, 70].

Properties that need to be verified are specified using Sig-
nal Temporal Logic (STL) [3]. The following two formulas
are used to specify points in time that input signal θin is
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Simulink
Model

C++ 
Code

Automatic
Code

Generation

Statistical Model 
Checker

Sample Trajectory using  
Uniformly Distributed 
Random Initial Values

Enough 
Samples

No

Output
Yes, No, or 
Unknown

Yes

Figure 2: Steps of Our Approach to Model Check Powertrain Con-
troller Verification Problem

about to go up or down:

rise(a) := (θin = 8.8) ∧ ♦(0,ε)(θin = a) (4)

fall(a) := (θin = a) ∧ ♦(0,ε)(θin = 8.8) (5)

A normalized error signal µ that measures the error in A/F
Ratio (λm) (a state variable of the system) from the refer-
ence stoichiometric value λref is defined as follows:

µ(t) =
λm(t)− λref

λref
(6)

Finally, we want to check the following two properties 1:

�(τs,T )|µ| < 0.05 (7)

�(τs,T )

(
rise(a) ∨ fall(a)⇒ �(η,5)|µ| < 0.02

)
(8)

Formula 7 specifies the maximum allowed overshoot or un-
dershoot. Formula 8 specifies that η seconds after a signal
rises or falls, the signal settles and remains in the settling
region for at least 4 seconds. Parameters ε, λref , τs, η, and
T are set to 0.02, 14.7, 11, 1, and 50, respectively 2.

4. OUR APPROACH
We statistically model check [9,13] the powertrain control

design. More precisely, given a model M , STL formula φ,
and threshold θ, the goal of the verification procedure is to
check that the measure of initial states satisfying formula
φ is less that 1 (hypothesis H0) or larger than θ (hypothe-
sis H1). Our algorithm randomly simulates the model (or
more precisely the C++ code automatically generated from
the SimulinkTM model) from different uniformly chosen ini-
tial states. On any sampled execution τ , our algorithm first
checks if τ satisfies φ (see Section 4.1). If the answer is
unknown or no, our algorithm immediately returns unknown

or H0, respectively. If τ satisfies φ, our algorithm returns

H1 if the number of sampled executions is > ln(β)
ln(θ)

. Other-

wise, it draws another sample and repeats the whole process.
Figure 2 depicts the high level steps of our approach.

If we ever find an execution that does not satisfy φ, then
clearly H0 is true and there will be no error in returning it.

When number of samples, n, is larger than ln(β)
ln(θ)

it means

θn < β. If H1 is false, it means that the measure of initial
states satisfying φ (θ′) is less than or equal to θ. Therefore,
θ′n ≤ θn < β. Hence, the probability of sampling n execu-
tions all satisfying φ will be less than the error probability

1Formulas 7 and 8 are required to be true only when the
controller is in the normal mode. But in our case, the input
signals guarantee that the controller mode us normal for all
times in (τs, T ).
2T is the default value set in [2]. Other parameters are
directly from [6].

β. Therefore, our algorithm guarantees the two conditions
given by inequalities (1) and (2). Note that we do not have
any indifference region (i.e. δ is zero). β the only parameter
to our algorithm (the number of samples will increase as β
becomes smaller). Thus our algorithm ensures

P[result =H0 | H0 is false] = 0 (9)

P[result =H1 | H1 is false] ≤ β (10)

In Section 4.1, we define a robustness condition and show
that our algorithm also guarantees the following condition:

P[result = unknown | sampled executions are robust] = 0
(11)

4.1 Checking Executions against STL Specifi-
cation

To complete the description of our model checking algo-
rithm, we need to describe how to check if a sampled execu-
tion satisfies an STL specification. Now the model of an STL
formula is a signal which is function that gives for each time
instant the system state. Clearly such an execution must be
represented in some finite, computationally tractable man-
ner. Simulation will result in an execution that is sampled
at discrete time points, and the system state is only known
at the sample time points.

Given a time step ∆ : R+, an execution sampled at dis-
crete time points, will be a sequence of systems states at
times n∆, where n : N. Because the execution only gives
the state at times of the form n∆, the challenge is discover
conditions when we can conclude the satisfaction of the STL
property φ at all times. The problem has been considered
previously, and we borrow ideas from [5] to overcome this
challenge.

The key to addressing this issue is to introduce a new
“approximate satisfaction” relation. Let ∆ : R+ be a time
step. Table 2 defines a ternary discrete semantics we use in
our approach. In this table ∆I is defined to be {n : N | n∆ ∈
I}, and ∆I− is defined to be {n : N | ∀r : ∆I • n < r}. Thus,
∆I is the set of all natural numbers n such that n∆ is in I
and, ∆I− is the set of all natural numbers n that are smaller
than all numbers in ∆I.

Intuitvely, the semantics in Table 2 tries to achieve the
following: ((τ, n) |=∆ φ) is > if we can conclude that (τ, t) |=
φ for all t ∈ [(n− 1)∆, (n+ 1)∆] based on the state at time
n∆; similarly, ((τ, n) |=∆ φ) is ⊥ if we can conclude that
(τ, t) 6|= φ for all t ∈ [(n− 1)∆, (n+ 1)∆] based on the state
at time n∆; and finally, ((τ, n) |=∆ φ) is unknown otherwise.
The semantics can be understood being built up from the
case of atomic propositions. If for any t = n∆, f(τ(t)) > c∆,
where c is the Lipschitz constant for f , then one can conclude
that f(τ(t′)) > 0 for all t′ : [t − ∆, t + ∆]. Similarly, if
f(τ(t)) < −c∆, then one can conclude that f(τ(t′)) < 0 for
all t′ : [t −∆, t + ∆]. On the other hand, if |f(τ(t))| ≤ c∆
then by just looking at f(τ(t)) we cannot conclude whether
f(τ(t′)) is above or below 0 for all t′ : [t−∆, t + ∆]; hence
we define this to be unknown. The rest of the semantics is
built naturally from this observation. The main result of
this section is that this property holds for the approximate
semantics we have defined above.

Theorem 1. Consider a signal τ : [0, T ] −→ RX, an STL
formula φ, and sampling time ∆ that satisfy the following
conditions.
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((τ, n) |=∆ >) := > iff always true

((τ, n) |=∆ f > 0) := > iff f(τ(n∆)) > c∆
((τ, n) |=∆ f > 0) := ⊥ iff f(τ(n∆)) < −c∆
((τ, n) |=∆ f > 0) := unknown iff otherwise

((τ, n) |=∆ ¬(f > 0)) := > iff f(τ(n∆)) < −c∆
((τ, n) |=∆ ¬(f > 0)) := ⊥ iff f(τ(n∆)) > c∆
((τ, n) |=∆ ¬(f > 0)) := unknown iff otherwise

((τ, n) |=∆ φ ∨ ψ) := > iff ((τ, n) |=∆ φ) = > or ((τ, n) |=∆ ψ) = >
((τ, n) |=∆ φ ∨ ψ) := ⊥ iff ((τ, n) |=∆ φ) = ⊥ and ((τ, n) |=∆ ψ) = ⊥
((τ, n) |=∆ φ ∨ ψ) := unknown iff otherwise

((τ, n) |=∆ φ ∧ ψ) := > iff ((τ, n) |=∆ φ) = > and ((τ, n) |=∆ ψ) = >
((τ, n) |=∆ φ ∧ ψ) := ⊥ iff ((τ, n) |=∆ φ) = ⊥ or ((τ, n) |=∆ ψ) = ⊥
((τ, n) |=∆ φ ∧ ψ) := unknown iff otherwise

((τ, n) |=∆ φUIψ) := > iff ∃r : ∆I • ((τ, n+ r) |=∆ ψ) = > ∧
∀r′ : {0, . . . , r} • ((τ, n+ r′) |=∆ φ) = >

((τ, n) |=∆ φUIψ) := ⊥ iff ∀r : ∆I + {−∆, 0,∆} • ((τ, n+ r) |=∆ ψ) = ⊥ or
∃r : ∆I− • ((τ, n+ r) |=∆ φ) = ⊥ or
∃r : ∆I • ((τ, n+ r) |=∆ φ) = ⊥ ∧
∀r′ : ∆I ∩ {0, . . . , r} • ((τ, n+ r′) |=∆ ψ) = ⊥

((τ, n) |=∆ φUIψ) := unknown iff otherwise

((τ, n) |=∆ φRIψ) := > iff ∀r : ∆I + {−∆, 0,∆} • ((τ, n+ r) |=∆ ψ) = > or
(∃r : ∆I • ((τ, n+ r) |=∆ φ) = > ∧
∀r′ : {0, . . . , r} ∩∆I • ((τ, n+ r′) |=∆ ψ) = >)

((τ, n) |=∆ φRIψ) := ⊥ iff ∃r : ∆I • ((τ, n+ r) |=∆ ψ) = ⊥∧
∀r′ : ∆I ∩ {0, . . . , r} • ((τ, n+ r′) |=∆ φ) = ⊥

((τ, n) |=∆ φRIψ) := unknown iff otherwise

Table 2: Semantic Rules for Ternary |=∆. Parameters ∆ : R+ is a time step and c : R+ is a guessed Lipschitz Constant.

1. There is c : R+ such that all functions used in atomic
formulas of φ are c-Lipschitz continuous in the domain
of τ .

2. The sampling time ∆ is such that for any interval I
appearing in φ, ∆ ≤ 1

2
(sup I − inf I). This condition

ensures that there will be at least one sample point in-
side each interval appearing in φ.

3. All intervals appearing in φ are bounded 3.
4. Let M =

∑
I:φ sup I. Then T > |φ|∆ +M .

Then, the semantics in Table 2 guarantees

∀n : N • (((τ, n) |=∆ φ) = >)⇒
∀t : [(n− 1)∆, (n+ 1)∆] ∩ [0,∞) • (τ, t) |= φ
and
∀n : N • (((τ, n) |=∆ φ) = ⊥)⇒
∀t : [(n− 1)∆, (n+ 1)∆] ∩ [0,∞) • (τ, t) 6|= φ

Corollary 2. Under the conditions of Theorem 1 we have:

((τ |=∆ φ) = >)⇒ τ |= φ
((τ |=∆ φ) = ⊥)⇒ τ 6|= φ

4.2 Checking Lipschitzness

3Note that since τ is a signal over bounded time [0, T ], this
is not a restriction.

As mentioned in Section 4.1, we are using discrete time
sampling. Therefore, we need to make sure that the condi-
tions in Theorem 1 are satisfied. The main problem is that
dynamics of the input system is too complex and we cannot
analytically find a Lipschitz constant for the functions in
atomic formulas. In order to solve this problem we guess a
Lipschitz constant and augment the SimulinkTM model (be-
fore generating C++ code) such that if our guess ever falsified
a flag will be set. Note, that the flag will be set if our guess
for the Lipschitz constant is violated at any time, and not
just at the sampled times. Then after simulating a trajec-
tory we check the flag. If it indicates our guess was wrong,
we guess a new value for the constant and repeat the whole
process. We use simulations in SimulinkTM as a source for
our guess. In our experiment Lipschitz constant c = 2 was
never falsified. So we use c = 2 as our final guess. The
correctness of our guess for the Lischtiz constant relies on
the correctness of the zero finder algorithms implemented in
C++ libraries of SimulinkTM.

Finally, if we want to prove a probability is larger than
the given threshold, we treat (τ |=∆ φ) = unknown as (τ |=∆

φ) = ⊥. And similarly, if we want to prove a probability
is smaller than the given threshold, we treat (τ |=∆ φ) =
unknown as (τ |=∆ φ) = >.
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5. EXPERIMENTAL RESULTS
We used EmbeddedCoder of SimulinkTM to generate C++

code from the model files in [2]. “Sample Rate” (∆ for us) is
fixed to 0.0001 seconds. “Device Vendor” is set to IntelTM,
and“Device Type” is set to x86− 64 (Mac OS X). We also set
for “Execution efficiency”. ODE solver is set to be selected
automatically by SimulinkTM. Finally, we used C++03 (ISO)
for “Standard math library”. Note that automatic code gen-
eration is only for simulation. The model checker was writ-
ten manually in C++. All executions ran on an iMac with
3.5 GHz Intel Core i7 processor and 32 GB 1600 MHz DDR3

memory.
In our experiment, we set β = 0.001 and t = 0.98. Both

Formulas 7 and 8 could be verified after an average of 453
samples. Verification of Formula 7 takes about 2.2 minutes
and verification of Formula 8 takes about 2.8 minutes.

5.1 Other Requirements
There are other requirements specified in [6], specially re-

garding the power mode and when the controller switches
between power and normal multiple times. We failed to ver-
ify these requirements. The main reason is that since neither
SimulinkTM nor C++ has formal semantics, there is no guar-
antee that the translation from SimulinkTM to C++ preserves
the behavior of the modeled system. The requirement in this
case, demands that when the amplitude is set to 80 degrees
in the input throttle, the controller mode switches between
modes normal and power periodically. This behavior can
be easily observed in simulations performed by SimulinkTM.
However, the C++ code that is automatically generated from
the model does not exhibit such a behavior.

6. CONCLUSION AND PLANNED FUTURE
WORK

The results presented here are the first results providing
mathematical guarantees of correctness for Model 1, the
most complex design, presented in [6]. It relied on sta-
tistically model checking, discretely sampled executions of
the C++ code generated from the SimulinkTM model of the
controller. Our approach did not account for any errors
introduced due to numerical integration. Our take here
was that the C++ program generated automatically from the
SimulinkTM model is the artifact to be checked as it may be
directly running on an embedded chip. If such errors are im-
portant and can be quantified, future analyses of this model
will need to account for them.

Currently, our results certify that with high probability
more than 98% of the initial states satisfy the correctness
requirements. We would like to push our analysis closer
towards 100%. Näıve sampling becomes infeasible in this
case. We believe this problem can be solved in two comple-
mentary ways: 1. anti-correlated sampling [7] 2. importance
sampling [10].
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