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ABSTRACT
Modeling, analyzing and verifying real physical systems has
long been a challenging task since the state space of the sys-
tems is usually infinite and the dynamics of the systems is
generally nonlinear and stochastic. In this work, we employ
an extension of linear temporal logic (LTL) to describe the be-
havior of discrete-time nonlinear stochastic systems; this ex-
tension is so-called linear inequality LTL (iLTL) which allows
for atomic propositions that are linear inequalities on state
spaces. To statistically verify iLTL formulas on the systems,
we first reformulate discrete-time nonlinear stochastic dy-
namical systems into Markov processes on their continuous
state spaces and then reduce them to discrete-time Markov
chains (DTMC) using set-oriented methods. Furthermore, a
statistical verification algorithm is proposed to verify iLTL

formulas on the reduced systems. The correctness of this sta-
tistical verification algorithm is checked both by theoretical
analysis and the simulation of a fluid problem. We will show
in the successive work that the framework extends to hybrid
systems, which is a significant motivation for the approach
taken.

1. INTRODUCTION
Temporal logic is an effective tool to describe the behavior

of systems whose states change over time. In computer sci-
ence, various kinds of temporal logic, including linear tem-
poral logic (LTL), have found important applications in for-
mal verification for decades [5]. The time-dependent require-
ments on hardware or software systems, such as safety and
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liveness, can be properly expressed by temporal logic formu-
las [19]. On finite-state systems, such as finite-state automata
and discrete time Markov chains (DTMC), these temporal for-
mulas can usually be checked automatically by model check-
ers.

During the last decades, LTL has been introduced to the
study of control systems to specify design objectives. The
main challenge there is that analyzing and model checking
temporal logic formulas on these infinite-state systems di-
rectly is beyond the computing capacity of the model check-
ers. A possible way to circumvent this problem is to reduce
the infinite-state systems to finite-state systems. This is partly
implemented by using abstraction-based methods in [13, 22,
24], where the authors first find finite-state systems whose
trajectories simulate the trajectories of the infinite-state sys-
tems, and then perform synthesis and verification on the finite-
state systems instead. However, finding such an abstraction
is currently only possible for relatively small classes of con-
trol systems, such as linear time-invariant systems and piece-
wise affine systems.

Another method to implement the idea of reducing infinite-
state systems to finite-state systems is based on sampling
and simulation. In [17, 18], the authors construct a dynamic
Bayesian network to approximate a continuous dynamical
system by first partitioning the state space into finite inter-
vals and then deciding the transition probability between the
intervals by drawing samples. Though this method works
for a large class of dynamical systems, there is no determin-
istic guarantee on the error introduced in this procedure.

In practice, discrete-time nonlinear stochastic dynamical
systems naturally arise as the time discretization of many
physical processes. In this work, we proposed a framework
for defining and verifying a kind of temporal logic on these
dynamical systems. Specifically, we reformulate the systems
as Markov processes on their state spaces and use linear in-
equality linear inequality (iLTL) to specify their behavior over
time [14]. The iLTL extends linear temporal logic by using
linear inequalities on the state spaces, which are convenient
tools in modeling physical processes, as atomic propositions.

Rather than abstraction-based methods, we use the set ori-
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Figure 1: A road map of this work

ented methods [8] stemming from the study of model reduc-
tion of dynamical systems to reduce the infinite-state nonlin-
ear stochastic dynamical system into DTMC. The set oriented
methods are mathematically Galerkin projections, which are
widely used in various areas under different names [15, 16,
20]. But unlike most other model reduction methods based
on Galerkin projections, in the set oriented methods, the pro-
jections are made over the distributions of the state spaces. In
addition, the set oriented methods distinguish from a similar
model reduction method, the Mori-Zwanzig method [2,3], in
the way that they do not involve the invariant distributions
of the dynamical systems in the model reduction procedure.

When it comes to DTMC, there are generally two approaches
to model check temporal logic formulas on them: symbolic
and statistical. While symbolic methods are generally faster
and more precise to handle Markov chain of a small num-
ber of states, only statistical methods, based on sampling and
simulation, are possible to handle Markov chains of a large
number of states [6, 12, 26–28]. Noting that it usually needs a
large number of discrete states to approximate a continuous
domain, we adopt a statistical approach to handle the DTMC

derived from model reduction and propose a concrete algo-
rithm to model check iLTL formulas on the DTMC.

A road map of this work is shown in Figure 1 and the rest
of the article is organized as follows. In Section 2, prerequi-
sites on automata, temporal logic, DTMCand general discrete-
time Markov processes are presented. In Section 3, we for-
mulate the problem with a discrete-time nonlinear stochastic
system and show that the system can be viewed as a Markov
process on the continuous state space. In Section 4, we use
the set oriented methods to reduce the Markov process to a
discrete-time Markov process on a finite-dimensional state
space, which is equivalent to a DTMC and reduce the iLTL for-
mulas on the original Markov processes to iLTL formulas on
the DTMC at the same time. In addition, the error bounds of
model reduction are given under different conditions. In Sec-
tion 5, we propose a statistical verification algorithm for the
iLTL formulas on the DTMC and show that the result given by
the algorithm are of high confidence. In Section 6, a simula-
tion on an advection-diffusion model is given as an applica-
tion of the theory. Finally, we conclude the main contribu-
tions in this work in Section 7.

2. PRELIMINARIES

2.1 Logic and Automata
Linear temporal logic (and some of its variants) are used

to specify properties about the system in the paper. We recall
the syntax and semantics of LTL, as well as its connection to

automata on infinite sequences in this section.
In what follows, we will denote the set of infinite sequences

over a set Σ by Σω . For such a sequence w ∈ Σω , wi will de-
note the ith element in the sequence w; the first element of
the sequence will be w0. The suffix starting at position i will
be denoted by w[i,∞).

Definition 1. A Büchi automaton is a tuple B =
(
S, Σ, Γ, Sinit, F

)
where:
• S is a finite non-empty set of states,
• Σ is a finite non-empty set of alphabet,
• Γ ⊆ S× Σ× S is the transition relation,
• Sinit ∈ S is the initial state, and
• F ⊆ S is the set of final states.

A Büchi automaton is a machine that takes as input an in-
finite sequence over Σ. Informally, given such an input w,
the automata starts in the initial state, reads a symbol in each
step from w, and changes its state according to the transition
relation Γ. Thus, an execution or run of B on input w is an
infinite sequence of states ρ ∈ Sω such that ρ0 = Sinit, and for
each i, (ρi, wi, ρi+1) ∈ Γ. Such a run is said to be accepting
if there is some s ∈ F such that for infinitely many i, ρi = s.
The automaton B is said to accept input w, if some run ρ of B
on w is accepting. The language of B, denoted by Lang(B), is
the set of all sequences w that are accepted.

Linear Temporal Logic is a logic built from propositions,
using logical connectives (¬,∧,∨) and modal operators (X, U , R ).
The syntax and semantics of this logic are given below.

Definition 2 (LTL Syntax).

ψ ::= > | ⊥ | P |
¬P | ψ ∧ φ | ψ ∨ φ |
Xψ | ψ U φ | ψ R φ

where P ∈ AP is an atomic proposition.

An LTL formula is evaluated on an infinite sequence of
truth values of the atomic propositions in AP. This sequence
can be viewed as an infinite sequence over 2AP.

Definition 3 (LTL Semantics). Assume w is an infinite sequence
over 2AP. Satisfaction relation � between w and LTL formulas is
defined using the following inference rules ([i] = {1, 2, . . . , i}):
• w � >
• w 2 ⊥
• w � P iff P ∈ w0 where P ∈ AP

• w � ¬P iff P 6∈ w0
• w � ψ ∧ φ iff w � ψ and w � φ
• w � ψ ∨ φ iff w � ψ or w � φ
• w � Xψ iff w[1,∞) � ψ

• w � ψ U φ iff ∃i ∈N •w[i,∞) � φ ∧ ∀j ∈ [i] •w[j,∞) � ψ

• w � ψ R φ iff ∃i ∈N •w[i,∞) � ψ∧∀j ∈ [i+ 1] •w[j,∞) � φ

or ∀i ∈N •w[i,∞) � φ

Observe that even though negation (¬) was restricted to
only apply to atomic propositions in Definition 2, the logic
is closed under negation — ¬(ψ ∨ / ∧ φ) ≡ (¬ψ ∧ / ∨ ¬φ),
¬Xψ ≡ X¬ψ, and ¬(ψ U φ) ≡ ¬ψ R¬φ. As a consequence
we will write “¬ψ” to mean the formula in negation normal
form obtained by pushing the negation all the way inside ψ
using these rules.
LTL and Büchi automata have a close relationship that is

often exploited by verification algorithms.
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1 2
{p,q} or {q} 

{p}   Any subset of {p,q}                   

{¬p R ¬q} {}
{}

{p} or {} Any subset of {p,q}                   
p U q

¬(p U q)

Figure 2: Büchi automaton for p U q

Theorem 1 (LTL to Büchi automaton [9–11]). For any LTL for-
mula ψ one can construct a Büchi automaton Bψ such that the set
of infinite sequences that satisfy ψ is exactly Lang(Bψ).

Example 1. Consider the Büchi automaton shown in Figure 2.1.
It has {1, 2} as the set of locations, 1 as the initial location, {2} as
the set of final locations, and 2{p,q} as the alphabet. The transition
from 1 to 1 labeled {p}, transitions from 1 to 2 labeled {p, q} and
{q}, and four transitions from 2 to 2 labeled by subsets of {p, q}.

The automaton accepts exactly those sequences that are models
of the formula p U q. This can be understood as follows. Initially
we start at state 1, if q is true, we move to location 2, otherwise if
p is true, we stay at 1. Once we get to state 2 we stay there forever.
Final set contains only state 2. Therefore, in order for a path to
satisfy p U q, q must eventually becomes true and p must always
be true before that.

In this paper, the system will be modeled by Markov pro-
cesses. Thus, specifications will express constraints on the se-
quence of probability distributions (or distributions for short)
that the Markov chain defines. One logic that has been pro-
posed such properties is linear inequality linear temporal logic
(iLTL) that was proposed in [14]. Formulas in iLTL are the
same as those in LTL except that the propositions are given
by linear constraints on the distribution. In other words,
iLTL = LTL[AP], where the atomic propositions in AP are con-
straints of the form

∫
X f dµ > b, where X is compact sub-

space of Rn, f is an integrable function on X, µ is a measure
on X and b ∈ R. Formally the syntax can be given as

ψ ::= > | ⊥ | ineq |
¬ineq | ψ ∧ φ | ψ ∨ φ |
Xψ | ψ U φ | ψ R φ

ineq ::=
∫

X f dµ > b

The semantics of iLTL is defined on a sequence of dis-
tributions. The semantics of the logical and temporal op-
erators are the same those for LTL. The only novelty is in
the definition of when a distribution satisfies an inequality
“
∫

X f dµ > b”, we defined as expected.

µ |= “
∫

X
f dµ > b′′ i f f

∫
X

f dµ > b

2.2 Markov Processes and Markov Chains
Let S = {s1, s2, . . . , sn} be a finite state space and M(S)

be the set of probability distributions (or probability mass
functions) on S.

Definition 4. A discrete time Markov chain (DTMC) on a finite
state space S is a tuple (Tr, p0) where p0 ∈ M(S) is an initial
distribution, and Tr ∈ (S × S) → [0, 1] is a transition matrix
that governs the evolution of probability distributions of the dis-
crete time Markov chain.

Let X ⊆ Rn be a compact subset of Rn, B(X) be the Borel
σ-algebra on X, and M(X) be the set of probability mea-
sures on X. Similarly, we define a Markov process on X by

the combination of a initial distribution µ0 ∈ M(X) and a
Markov kernel T, which determines the evolution of distribu-
tions. The Markov kernels play a similar role as the transition
matrices do in a discrete time Markov chain (DTMC).

Definition 5. A discrete-time Markov process (or Markov process
for short) on a compact set X is a tuple (T, µ0) where µ0 ∈ M(X)
is an initial distribution and T : X ×B(X)→ [0, 1] is a Markov
kernel satisfying that

1. the map x 7→ T(x, A) is B(X)-measurable for every A ∈
B(X);

2. the map A 7→ T(x, A) is a probability measure on (X,B(X))
for every x ∈ X.

In the rest of this section, we present the properties of Markov
processes and DTMC in parallel. Given a Markov process (T, µ0)
or a DTMC (Tr, p0), we can derive the distribution at time t in-
ductively by

µt+1(A) =
∫

X
T(x, A)dµt(x), (1)

where A is an arbitrary measurable subset of X, or

pt+1(j) =
n

∑
i=1

pt(i)Tr(i, j). (2)

From (1) and (2), we know that the Markov kernel T can be
viewed as a map M(X) → M(X) and transition matrix Tr
can be viewed as a mapM(S)→M(S). Therefore, we may
also write µt+1 = Tµt and pt+1 = Tr pt in the rest of the
article.

For µ, ν ∈ M(X) or p, q ∈ M(S), we call

‖µ− ν‖TV = sup
A∈B(X)

|µ(A)− ν(A)| (3)

or

‖p− q‖TV = sup
B∈2S
|p(B)− q(B)| (4)

the total variation distance, or the distance between µ and ν
or p and q. The setM(X) orM(S) equipped with distance
‖ · ‖TV forms a metric space.

A useful property of T is that for any µ, ν ∈ M(X),

‖Tµ− Tν‖TV ≤ ‖µ− ν‖TV. (5)

Similarly, for any p, q ∈ M(S),

‖Tr p− Trq‖TV ≤ ‖p− q‖TV. (6)

Readers may refer to [7] for details.
The concept of invariant distributions plays an important

role in studying the long-time behavior of a Markov process.

Definition 6. A distribution µinv ∈ M(X) or pinv ∈ M(S) is
called invariant if

µinv(A) =
∫

X
T(x, A)dµinv(x) (7)

for any A ∈ M(X), or

pinv(j) =
n

∑
i=1

pinv(i)Tr(i, j) (8)

for any j = 1, 2, . . . , n.
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An invariant distribution µinv of a Markov kernel T or an
invariant distribution pinv of a transition matrix Tr is mathe-
matically a fixed point. An invariant distribution µinv or pinv
exists and is unique if the Markov kernel T or the transition
matrix Tr is strictly contractive.

Definition 7. A Markov kernel T is called strictly contractive by
factor α ∈ (0, 1) if for any µ, ν ∈ M(X),

‖Tµ− Tν‖TV ≤ α‖µ− ν‖TV, (9)

and a transition matrix Tr is called strictly contractive by factor
α ∈ (0, 1) if for any p, q ∈ M(X),

‖Tr p− Trq‖TV ≤ α‖p− q‖TV, (10)

For example, generally, diffusive processes on compact state
spaces are strictly contractive.

3. PROBLEM FORMULATION
In practice, the time discretization of most physical pro-

cesses can be represented by a discrete-time nonlinear stochas-
tic dynamical system

xt+1 = f (xt), t = 0, 1, 2, . . . (11)

where the system state xt is a random variable on the state
space U ⊆ Rn and f is a nonlinear stochastic function be-
tween random variables on U. In particular, for any real
number x0 ∈ U, f (x0) is a random variable on U. Though
the system (11) is time-invariant, a general time-varying sys-
tem can be reformulated into this form by incorporating time
t into the system state xt.

In this work, we focus on dynamical systems on compact
state spaces. If the system (11) is Lyapunov stable (in the
stochastic sense), then there exists a compact invariant set X ⊆
U such that for any random variable x on X, f (x) ∈ X almost
surely. In this case, the restriction of the system (11) on X by
f |X : X → X is a dynamical system on the compact state space
X.

Now we show that a discrete-time nonlinear stochastic sys-
tem can be reformulated into a Markov process.

Lemma 2. Let {xt | t = 0, 1, 2, . . .} be a sequence of random vari-
ables generated by (11), then the distributions {µt | t = 0, 1, 2, . . .}
of {xt | t = 0, 1, 2, . . .} is generated by the Markov process (T, µ0)
where

T(x, A) = E
[
δ f (x)(A)

]
(12)

In particular, if the system (11) is a deterministic nonlinear
system, then T(x, A) = δ f (x)(A). In this case, we have

µt+1(A) = µt( f−1(A)), (13)

for every A ∈ B(X). Thus (7) reduces to

µinv(A) = µinv( f−1(A)). (14)

Finally, we recall from Section 2 that iLTL can be used to
describe the behavior of the system over time.

4. MODEL REDUCTION
For a Markov process (T, µ0) and a iLTL formula φ gen-

erated by Definition 2, it is generally impossible to check
(T, µ0) |= φ directly because the Markov process contains
infinite states. In this section, we first show that the infinite-
state Markov process can be reduced to a finite-state Markov

M(X) M(X)

N (X) N (X)

Q

T

Tr

P

Figure 3: Diagram for single-step Galerkin projection

chain by set oriented methods and then study the connection
between these two models.

Definition 8. S = {s1, s2, . . . , sn} is called a measurable parti-
tion of a state space X if

1. si is Borel measurable for i = 1, 2, . . .,
2.
⋃n

i=1 si = X,
3. si ∩ sj = φ for any i 6= j.

s1, . . . , sn are not necessarily simply connected, but they
are often chosen to be simply connected in practice. Let µBorel
be the Borel measure on Rn. For A ∈ B(X), the characteristic
distribution of A is defined by

νA(B) =
µBorel(A ∩ B)

µBorel(A)
(15)

where B ∈ B(X). Clearly, the characteristic distribution νA is
a probability distribution on X. Let

N (X) = {µ ∈ M(X) | µ =
n

∑
i=1

p(i)νsi , p(i) > 0, i = 1, 2, . . .}

(16)
be the set of probability distributions generated by charac-
teristic measures νs1 , . . . , νsn . Clearly, there is a bijection from
N (X) toM(S).

4.1 Galerkin Projection
SinceN (X) ⊆M(X), we can define a projection P :M(X)→
N (X) by

Pµ =
n

∑
i=1

p(i)νsi =
n

∑
i=1

(∫
si

dµ(x)
)

νsi . (17)

and an injection Q : N (X) → M(X) by Qp = p. The
projection P and the injection Q are well-defined, because
{s1, s2, . . . , sn} is a measurable partition of X. In addition,
we have PQ = I and QP 6= I, where I is the identity map.

As shown in Figure 3, the projection P and injection Q
induce a projection from the Markov kernel T : M(X) →
M(X) to a Markov kernel Tr : N (X)→ N (X) by

Tr = PTQ = PT|N (X). (18)

The above projection procedure, commonly referred to as
Galerkin projection, is summarized by the following theorem.

Theorem 3. For a Markov process (T, µ0) on X, let S = {s1, . . . , sn}
be a measurable partition of X and P be the projection operator as-
sociated with S, then the projection P reduces the Markov process
(T, µ0) to a Markov process (Tr, p0) by

p0 =
n

∑
i=1

p0(i)νsi (19)

pt+1 =
n

∑
i=1

n

∑
j=1

pt(i)Tr(i, j)νsj (20)
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M(X) M(X) M(X) M(X)

N (X) N (X) N (X) N (X)

P

T

Tr

T

Tr

P

Figure 4: Diagram for multiple-step Galerkin projection

where

p0(i) =
∫

si

dµ0(x) (21)

Tr(i, j) =
∫

sj

d
(∫

X
T(x, ·)dνsi

)
(22)

Proof. The projection of initial state (21) derives from (17) di-
rectly. To prove (22), let pt = ∑n

i=1 pt(i)νsi ∈ N (X) and
pt+1 = ∑n

i=1 pt+1(i)νsi ∈ N (X) . Combining (1), (17) and (18),
we have

pt+1(j) =
∫

sj

dµt+1

=
∫

sj

d

(∫
X

T(x, A)d

(
n

∑
i=1

pt(i)νsi

))

=
n

∑
i=1

pt(i)
(∫

sj

d
(∫

X
T(x, A)dνsi

)) (23)

Therefore, Tr(i, j) =
∫

sj
d
(∫

X T(x, A)dνsi

)
.

The new Markov process (Tr, p0) derived by model reduc-
tion of (T, µ0) is equivalent with a DTMC. Taking {s1, s2, . . . , sn}
as n states, the probability distribution p = ∑n

i=1 p(i)νsi on X
is identified with a probability distribution p = (p(1), p(2),
. . . , p(n)) on S and the evolution operator Tr is identified
with a transition matrix (Tr(i, j)). Therefore, we may refer
to (Tr, p0) as a DTMC and Tr as a transition matrix later.

For multiple steps, the diagram for Galerkin projection is
shown by the non-commutative diagram in 4. Given an ini-
tial distribution µ0, it may either evolve by the Markov ker-
nel T via µt = T(t)µ0 first and then project to N (X), or
project to N (X) first and then evolve by the transition ma-

trix Tr via pt = T(t)
r p0. The different results derived from

these two paths determine the error of model reduction (see
Section 4.3).

4.2 Reduced iLTL
The projection P also induces an reduction of the iLTL for-

mulas associated with the Markov process (T, µ0). For µ ∈
M(X), by (17), we have∫

X
f d(Pµ) =

n

∑
i=1

(∫
X

f dνsi

)(∫
si

dµ(x)
)
=

n

∑
i=1

ri p(i). (24)

where

ri =
∫

X
f dνsi . (25)

Therefore, we can reduce iLTL formulas associated with Markov
process (T, µ0) to iLTL formulas associated with Markov pro-
cess (Tr, p0) by replacing the integration

∫
X f d(Pµ) with the

summation ∑n
i=1 ri p(i). We call the new temporal logic re-

duced iLTL. This is exactly the form of iLTL proposed in [14].
The relationship between a iLTL formula and its reduction

are presented by the following theorem.

Theorem 4. For µ ∈ M(X) and p = Pµ = ∑n
i=1 p(i)νsi ∈

N (X), we have∫
X

f dµ > b + δP(µ)esssupx∈X | f (x)| =⇒
n

∑
i=1

ri p(i) > b,

n

∑
i=1

ri p(i) > b + δP(µ)esssupx∈X | f (x)| =⇒
∫

X
f dµ > b,

∫
X

f dµ < b− δP(µ)esssupx∈X | f (x)| =⇒
n

∑
i=1

ri p(i) < b,

n

∑
i=1

ri p(i) < b− δP(µ)esssupx∈X | f (x)| =⇒
∫

X
f dµ < b,

where “esssup" stands for essential supremum and

δP(µ) = ‖µ− Pµ‖TV (26)

is the error of projection operator P of distribution µ.

The above theorem can be proved by the fact that for any
integrable function f (x) on X,

|
∫

X
f dµ−

∫
X

f d(Pµ)| ≤ δP(µ)esssupx∈X | f (x)|. (27)

A iLTL formula ψ is called compatible with the partition S =
{s1, s2, . . . , sn} if ∫

X
f dµ−

∫
X

f d(Pµ) = 0. (28)

for any atomic proposition in ψ. It is easy to check that (28)
holds if and only if

f (x) =
n

∑
i=1

ki1si (29)

where ki ∈ R and 1si is the characteristic function of si.

4.3 Error Estimation
Now we study the connection between the original Markov

process (T, µ0) and the reduced Markov chain (Tr, p0). First,
we note that the projection operator P is contractive.

Lemma 5. Let S = {s1, . . . , sn} be a measurable partition of X
and P be the projection operator associated with S. For any µ, ν ∈
M(X),

‖Pµ− Pν‖TV ≤ ‖µ− ν‖TV. (30)

Proof. For i = 1, . . . , n, let

Bi =

{
si,

∫
si

d(µ− ν) ≥ 0
φ, otherwise

(31)

Then, it is easy to check that for any A ∈ B(X),

νsi (A)
∫

si

d(µ− ν) ≤
∫

Bi

d(µ− ν). (32)

173

HSCC'15, April 14-16, 2015, Seattle, Washington



Thus,

(Pµ− Pν)(A) =
n

∑
i=1

(∫
si

d(µ− ν)

)
νsi (A)

≤
n

∑
i=1

(∫
Bi

d(µ− ν)

)
=
∫
⋃n

i=1 Bi

d(µ− ν)

≤‖µ− ν‖TV

(33)

Similarly, we can show that (Pµ − Pν)(A) ≥ −‖µ − ν‖TV.
Therefore, the lemma holds.

As shown in the non-commutative diagram in Figure 4,
given a initial distribution µ0, there are two paths from the
left-up corner to the right-bottom corner: one corresponds
to the original Markov process T → . . . → T → P; the other
corresponds to the reduced Markov process P→ Tr → . . .→
Tr. The difference between the two results derived by evolv-
ing the distribution along the two paths are defined to be the
error the t-step Galerkin projection

∆t = ‖PT(t)µ0 − T(t)
r Pµ0‖TV (34)

By (18), we have

∆t = ‖PT(t)µ0 − P(TQP)(t)µ0‖TV (35)

The error bound of t-step Galerkin projection is given by
the following theorem.

Theorem 6. Given a Markov process (T, µ0) and a projection op-
erator P, the t-step (t ≥ 1) error of Galerkin projection

∆t ≤
t−1

∑
i=0

δP((TQP)(i)µ0), (36)

where δP is given in (26).

Proof. For t = 1, by Lemma 5 and (5),

∆1 = ‖PTµ0 − P(TQP)µ0‖TV ≤ ‖Tµ0 − TQPµ0‖TV

≤ ‖µ0 −QPµ0‖TV = δP(µ0).
(37)

For t > 1, noting that for any µ, ν ∈ M(X),

‖(TQP)µ− (TQP)ν‖TV ≤ ‖QPµ−QPν‖TV ≤ ‖µ− ν‖TV,
(38)

we have

∆t =‖PT(t)µ0 − P(TQP)(t)µ0‖TV

≤‖T(t)µ0 − (TQP)(t)µ0‖TV

≤‖T(t)µ0 − T(t−1)(TQP)µ0‖TV

+ ‖T(t−1)(TQP)µ0 − T(t−2)(TQP)(2)µ0‖TV

+ . . . + ‖T(TQP)(t−1)µ0 − (TQP)(t)µ0‖TV

≤
t−1

∑
i=0

δP((TQP)(i)µ0)

(39)

In sum, ∆t ≤ ∑t−1
i=0 δP((TQP)(i)µ0) for t = 1, 2, . . ..

Recalling Definition 7, when T is strictly contractive, we
can derive a tighter error bound.

Theorem 7. Given a Markov process (T, µ0), a projection oper-
ator P and the corresponding injection Q, if the Markov kernel T
is strictly contractive by factor α ∈ (0, 1), then the t-step (t ≥ 1)
error of Galerkin projection

∆t ≤
δP

1− α
, (40)

where

δP = sup
i∈N

δP((TQP)(i)µ0). (41)

Proof. For t = 1, clearly ∆t = δP.
For t ≥ 2, by (39), we have

∆t ≤‖T(t)µ0 − T(t−1)(TQP)µ0‖TV

+ ‖T(t−1)(TQP)µ0 − T(t−2)(TQP)(2)µ0‖TV

+ . . . + ‖T(TQP)(t−1)µ0 − (TQP)(t)µ0‖TV

≤(1 + α + . . . + αt)δP

≤ δP
1− α

.

(42)

In sum, the theorem holds.

By combining Theorem 4 and Theorem 7, we can derive
the following theorem on the relationship between linear in-
equalities on the original Markov process and linear inequal-
ities on the reduced Markov process.

Theorem 8. Given a measurable partition S = {s1, . . . , sn} and
the corresponding projection operator P, a Markov process (T, µ0)
and its reduction (Tr, p0) satisfies the following equations:∫

X
f dµt > b +

δPesssupx∈X | f (x)|
1− α

=⇒
n

∑
i=1

ri pt(i) > b,

n

∑
i=1

ri pt(i) > b +
δPesssupx∈X | f (x)|

1− α
=⇒

∫
X

f dµt > b,

∫
X

f dµt < b−
δPesssupx∈X | f (x)|

1− α
=⇒

n

∑
i=1

ri pt(i) < b,

n

∑
i=1

ri pt(i) < b−
δPesssupx∈X | f (x)|

1− α
=⇒

∫
X

f dµt < b,

where pt(i), ri and δp are given by (24), (25) and (41) respectively.

The following corollary of theorem 8 serves as the founda-
tion of Section 5.

Corollary 9. For an iLTL formula ψ on a Markov process (T, µ0),
let (Tr, p0) be the reduced Markov process by projection operator
p, then

1. (T, µ0) |= ψ ⇐= (Tr, p0) |= ψ′, where ψ′ is derived by re-
placing atomic propositions

∫
X f dµt > b with ∑n

i=1 ri pt(i) >

b + δPesssupx∈X | f (x)|
1−α and

∫
X f dµt < b with ∑n

i=1 ri pt(i) <

b− δPesssupx∈X | f (x)|
1−α .

2. (T, µ0) 6|= ψ ⇐= (Tr, p0) 6|= ψ′, where ψ′ is derived by re-
placing atomic propositions

∫
X f dµt > b with ∑n

i=1 ri pt(i) >

b− δPesssupx∈X | f (x)|
1−α and

∫
X f dµt < b with ∑n

i=1 ri pt(i) <

b + δPesssupx∈X | f (x)|
1−α .

where pt(i), ri and δp are given by (24), (25) and (41) respectively.
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5. STATISTICAL MODEL CHECKING OF
iLTL

As pointed out in Section 2, a formula ψ in iLTL can be
thought of as a formula φ in LTL over a finite set of propo-
sitions {Pi}k

i=1, where each proposition is a constraint of the
form

∫
X fidµ > bi. When reasoning over Markov chain af-

ter model reduction, the integral can be replaced by a sum
using (24) and (25). For simplicity, we denote

n

∑
i=1

ri pt(i) = r · pt. (43)

In the rest of this paper, each ri denotes a vector with index i
instead of the component of a vector.

In the description below we assume that we are reason-
ing about a finite-state Markov chain. Given a sequence of
distributions w = p0 p1 p2 · · · , w |= ψ iff u |= φ, where
ut = {Pi | ri · pt > bi}. This suggests the following algorithm
check if a Markov chain (Tr, p0) satisfies an iLTL formula ψ.
Let w be the (unique) sequence of distributions generated by
(Tr, p0).

1. Construct the sequence u over 2{Pi | 1≤i≤k} of labels cor-
responding to w

2. (Tr, p0) satisfies ψ iff w is accepted by the Büchi au-
tomaton Bφ.

In what follows we outline how the above two steps can be
accomplished.

Constructing the labels for distributions.
To construct the set of labels ut corresponding to the dis-

tribution wt = pt, the simplest algorithm would be compute

pt = T(t)
r p0 and then check the constraints corresponding

to Pi on pt. However, this would be expensive for Markov
chains with a large number of states. Instead, we compute
these labels statistically. First observe that we can draw sam-
ples according to distribution pt by simulating the Markov
chain for t steps. Next, recall that Pi is the constraint ri · p >
bi, where ri is a vector assigning values to each state s of the
Markov chain (Tr, p0). Let us for simplicity assume that for
each state s, ri(s) ∈ {0, 1}. In this case, pt satisfies Pi if the
probability of drawing a state s (according to pt) such that
ri(s) = 1 is strictly greater than bi. This can be statistically
checked by drawing samples from pt and using either Cher-
noff bounds, or Sequential Probability Ratio Test [23] (see [25]
and [21]). Such a statistical test usually takes as parameters
an indifference parameter δ1, error bounds α1, γ1. The output
of this test, called A1, is yes, no, or unknownand A1 ensures

1. P[res = no | pt � Pi] ≤ α1
2. P[res = yes | pt 2 Pi] ≤ α1
3. P[res = unknown | |ri · pt(i)− bi| > δ1] ≤ γ1

The parameters δ1, α1, γ1 can be made arbitrarily small, though
that will increase the number of samples needed. In the gen-
eral case when ri(s), for a state s, can be any real number,
requires one to estimate the mean of a random variable that
is not necessarily Bernoulli. In such a situations, the Sequen-
tial Probability Ratio Test cannot be used, but we can use a
technique due to Chow and Robbins [4].

Running Bφ on the labels.
The sequence of labels u can be constructed statistically,

symbol by symbol. However, it is an infinite sequence, and
in order to run Bφ on u, u needs to ultimately periodic, i.e.,

1: t← 0
2: while A1

(
pt, pinv, 1

2 min{α1, γ1}, δ1
3

)
= failed do

3: t← t + 1
4: return t

Figure 5: Part 1 - Finding Number of Sampling Steps

1: for all t ∈ [m], P ∈ AP do
2: asg(t,P) = Aδ2

2 (pt,P, α2
2m|AP| ,

γ2
2m|AP| )

3: return asg

Figure 6: Part 2 - Labeling

there are finite sequences u1 and u2 such that u = u1uω
2 . We

assume that the mapping defined by the reduced model is
contracting and hence the sequence w converges to the in-
variant distribution pinv. Now if we assume that there is a
δ2 such that for every i, |ri · pinv − bi| > δ2, then eventually,
for large enough t, pt and pinv will satisfy exactly the same
propositions and so u is ultimately periodic. We assume that
pinv is known (or known with some bounded uncertainty).
This assumption is readily verified for large classes of impor-
tant physical models, such as those with energy balance laws
that are dissipative in aggregate. For such classes of model
general arguments can be used to derive the prior condition,
even in the presence of strong nonlinearities, discontinuous
dynamics, or other complexities. Since pinv is known we can
check if such a δ2 exists.

Now, in order to execute Bφ on input u, we need to know
when the labels remain invariant. If ‖pt − pinv‖TV < δ2/2
then we know for all t′ > t, since ‖pt′ − pinv‖TV ≤ ‖pt −
pinv‖TV, the pt′ has the same label as pinv. Thus, we need a
statistical test that checks if ‖pt − pinv‖TV < δ2/2 given that
we can draw samples from pt and pinv. A naive algorithm
would be to check if pt(s) is close to pinv(s) for each state
s using algorithm A1 outlined above. Another possible al-
gorithm to check closeness is the one outlined in [1]. This
algorithm is sublinear and provides the following guarantee.

Theorem 10 (Batu et al. [1]). Given parameters ζ and ε, and
distributions p and p′ over a set of n elements, there is a test which
runs in time O

(
n2/3ε−8/3 log

(
n
ζ

))
such that if ‖p− p′‖TV ≤

max
(

ε4/3

64 3√n , ε
8
√

n

)
then the test accepts with probability at least

1− ζ, and if ‖p− p′‖TV > ε
2 then the test rejects with probability

at least 1− ζ.

The naive algorithm is not as efficient as the sublinear algo-
rithm on large Markov chains. On the other hand, the naive
algorithm is much more efficient when pinv has a small sup-
port. In what follows, we will refer to the algorithm to check
closeness of distributions, whether it be the naive one or the
sublinear one, as A2.

Using A1 and A2 we can outline the overall procedure as
follows. Parameters α, γ and δ are parameters to the algo-
rithm.

1. Using A1, with parameters δ/3 and α/2 find m such
that pm is within distance δ/2 of pinv (see Figure 5)

2. For each t < m and each proposition Pi, use A2 with
parameters δ1 = δ and α1 = α

2m|AP| and γ1 = γ
2m|AP|

(see Figure 6)
3. Run Bφ on the sequence constructed in the first two
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1: for all P ∈ AP do
2: asg(m,P) = rP · pinv

. asg defines a (possibly empty) set of infinite path.
3: if Lang(Bψ) ∩ asg 6= ∅ ∧ Lang(Bψ) ∩ asg 6= ∅ then
4: return unknown

5: else if Lang(Bψ) ∩ asg 6= ∅ then
6: return yes

7: else
8: return no

9: end if

Figure 7: Part 3 - Model Checking

steps. If the truth value of some proposition is unknown
then we consider both truth values for it. We accept if
Bφ accepts on all such paths; reject if Bφ rejects all such
paths; and return unknown otherwise (see Figure 7)

Our algorithm A outlined above provides the following
guarantees

P[A((Tr, p0), ψ, α, γ) = no | (Tr, p0) � ψ] ≤ α (44a)
P[A((Tr, p0), ψ, α, γ) = yes | (Tr, p0) 2 ψ] ≤ α (44b)

P

A((Tr, p0), ψ, α, γ) = unknown | ∀t ∈N •

‖pt − pinv‖TV ≥ δ
4 ⇒

@Pi • |ri · pt − bi| ≤ δ

 ≤ γ (44c)

The first two inequalities state that probability of having false
positive or negative is at most α. The last inequality states
that if in all steps that have distributions far enough from
the invariant distribution, the actual probability of no atomic
proposition P in ψ is too close to bP then the probability of
returning unknown is at most γ.

The error analysis of our algorithm can be carried out as
follows. When the algorithm returns no (yes) while the cor-
rect answer is yes (no), it means that the algorithm made at
least one mistake. The probability of finding wrong m is at
most α

2 . Assuming m is computed correctly, the probability
of having a step t and an atomic formula P such that truth
value of P at step t is computed incorrectly is at most α

2m|AP|
(here unknown is considered a correct answer, because it did
not effect the output of the algorithm). Hence, the probability
of incorrectly determining at least one truth value is at most
α
2 .

Similarly, if the algorithm returns unknown while for any
step that is far enough from the invariant distribution, we
know the actual probability of no atomic proposition is too
close to the threshold of that proposition, it means either
the algorithm found m incorrectly, or it found unknown for at
least one step and one atomic proposition incorrectly. But we
know that the probability of making each of these mistakes
is at most γ

2 . Thus the probability of incorrectly returning
unknown is at most γ.
A takes δ as one of its parameters. The problem with δ

is that one may not know in advance the correct value for
δ. Large values causes the algorithm to return unknown, and
small values make the algorithm slow. In order to solve this
problem one can start with a large value for δ and decrease it
when the algorithm returns unknown for that δ.

6. SIMULATION
Before conclusion, we apply the above theoretical results

to a 2D advection-diffusion problem. Though the problem

Figure 8: An advection-diffusion problem

starts as a continuous-time problem, we discretize it to a discrete-
time problem at some later point and the error in discretiza-
tion is neglected.

As shown in Figure 8, in the 2D plane, the fluid flows uni-
formly to the right with velocity u = 0.1. At time t = 0, a par-
ticle drops randomly into a 0.03× 0.03 region E centered at
(0.1, 0.75). Set the intensity of the particle’s Brownian motion
to be 1 and the time step to be 0.4, then the particle moves by

x(n) = x(0) +
2n
5

+ B1(
2n
5
) (45)

y(n) = y(n) + B2(
2n
5
) (46)

where B1(x), B2(x) are mean-zero Gaussians with variance
x. The boundary is absorbing, namely, the particle will stop
after hitting the boundary.

The initial distribution function f0(x, y) is the uniform prob-
ability distribution function on E and the Markov kernel of
the process is given by

T((x1, y1), (x2, y2)) =
5

4π
exp

(
5(x1 − x2 +

1
20 )

2 + 5(y1 − y2)
2

4

)
.

(47)
The domain of computation is taken to be X = [0, 1]× [0, 1].
By Definition 7, it is easy to verify that the process contractive
by a factor α = 0.77.

Let fn(x, y) be the probability distribution function of the
particle at step n. The property we want to check here is

ψ = > U

(∫∫
C

fn(x, y)dxdy > 0.1
)

, (48)

where C = [30, 50]× [30, 70]. The formula means that there
exists a time n such that the probability of finding the particle
in C is strictly greater than 0.1.

To reduce the system into a DTMC, we partition the system
into n× n boxes and compute the transition probabilities us-
ing the integral kernel T. Since T decreases exponentially
with position, we assume that there is only transitions be-
tween two adjacent boxes. ψ is compatible to the partitions,
therefore, ψ is reduced to the iLTL formula

φ = > U

(
∑

si⊆C
p(i) > 0.1

)
(49)

on the DTMC with no additional error.
Table 6 shows our experimental results. Columns States

and Transitions are number of states and transition in each
example. Column Length is the result of the first part of the
algorithm. Columns Time 1 and Time 2 are respectively, the
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amount of time spent to find the length (first part of the al-
gorithm), and the amount of time spent to on the next two
part of the algorithm. Finally, column Total is the total time
spent on running each example (it is simply sum of the other
times). All times are in seconds. Also times and lengths are
the average over 10 runs. In all of our tests, α = γ = δ = 0.05
and the results are true.

In the fourth experiment, the size of boxes is 0.0025× 0.0025.
Using α = 0.77 and the initial distribution f0(x, y), by The-
orem 6, we can derive that the error ∆n is less than 0.03 for
all n. Therefore, we know that with confidence α = γ = δ =
0.05,

ψ = > U

(∫∫
C

fn(x, y)dxdy > 0.07
)

(50)

In order to improve performance, we do not find the small-
est possible length. Any length that satisfies the error bound
can be used. Therefore, we use some simple heuristic to
check when a found length is close enough to the best possi-
ble length. Also, in our examples, supports of the invariant
distributions always have only one state in it. So we use the
naive algorithm to find whether or not a distribution is close
enough to the invariant distribution. All tests are run on a
laptop with Intel i5 2.50GHz CPU and 6GB of RAM.

Ex. States Transitions Length Time 1Time 2 Total
1 10,001 89,181 1,654 0.1 0.01 0.1
2 40,001 358,381 14,248 0.8 0.1 0.9
3 90,001 807,581 48,819 2.6 0.6 3.2
4 160,001 1,436,781 110,191 6.1 3.3 9.4

Table 1: Experimental Results for Verifying φ

7. CONCLUSION
In this work, we used iLTL to describe the behavior of

discrete-time nonlinear stochastic dynamical systems over time
and proposed a framework for defining and statistically ver-
ifying temporal formulas on the systems using the set ori-
ented methods. Specifically, the systems were first reformu-
lated into Markov processes on a compact state space and
then were reduced to DTMC using set oriented method. Mean-
while, the iLTL formulas on the original Markov processes
were also reduced to iLTL formulas on DTMC. Finally, the re-
duced iLTL formulas were checked by the statistical verifica-
tion algorithm we proposed. The correctness of this frame-
work is guaranteed by comprehensive analysis on the errors
of both model reduction and model checking. We will show
in the successive work that the framework extends to hybrid
systems.
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